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(35 points) Section A (Written Questions): Show All Your Work. No credit will be
given if work is NOT shown.
(1) (3 points) Show that the set W = { [Z 3:} | a,be R} is a subspace of R?*2,
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(ii) (3 points) Let T : P; — P; be a linear transformation such that

T(axz® + a1z + ao) = (a2 + 3a1)z® + (a1 — ao)z +@1 + 3ag ‘)

Find the eigenvalues of T'.( Note the eigenvalues of T are the eigenvalues of the co-matrix presentation of the
co-linear transformation of T').
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(iii) (6 points) Let T : R — R* be an R-homomorphism (i.e., linear transformation) such that

T(a,l, az,as, a4, a5) = (a1 + 3a3 — 2as, 2a; + 6a;3 — 20,5,':3(11 +9a3 — 6as, —3a; —9a3z —as + 6as)
/

a. (0.5 point) Find the standard matrix presentation, M, of T'.
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b. (2 points) Find a basis for the columff space of M.
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c. (0.5 point) Find a basis for the range of T'. ?
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d. (2 points) Find all points in the domain of T' such that T'(ay, a3, a3, a4, as) = (1,2,3,5).
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e. (1 point) Find a basis for the Z(T') = Null(T) = Ker(T). O Supale
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(iv) (5 points) Let A = 2

o]

Gl T of * X X
} . It is clear that 2,2, 8 are the eigenvalues of A

a. (3 points) Find a basis for the eigenspace E,
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~b. (2 points) Is A diagonalizable? Justify your answer.
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(v) (3 points) Let
1 =2 .
A= [0 = 1] . W-of >“ \a.r‘(j\»b&J\/ mo*k\ VX

Find a diagonal matrix D and an invertible matrix @ such that D = Q! AQ. You don’t need to find Q!
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(vi) (4 points) Let T : R? — R? be a linear transformation such that T'(4,0) = (12,4) and T(-4,1) = (-10,-3)

a. (2 points) Find the standard matrix presentation of 7'.
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(vii) (4 points) —
x|
a. (2 points) Convince me that D = {[a g |la+d= 1} is not a subspace of R2*2
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b. (2 points) Given that D = {(a — 2b)z> + (—2a + 4b)z? + (3a — 6b)z + 2a — 4b | a,b € R} is a subspace
of P;. Write D as span of independent polynomials.
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(viii) (7 points) Consider the mapping T' : P; — R? defined by T'(az? + bz + ¢) = (a,b+c)
P

a. (2 points) Convince me that T is a linear transformation.
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b. (3 points) Find a basis for Z(T') = ker (T") = Null(T).
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c. (2 point) Is T" onto? Justify your answer.
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() (18 points): Section B (MCQ): All your answers for the MCQ must be included
in the below table.

Question || Answer

Total/18

(i) The angle between the polynomial fi(z) = z and the polynomial f(z) = 4z® in Py with respect to the inner
product < f(z),g(z) > = fo‘ f(z)g(z) dz is o R . ) . LH,L‘
(2)14.47 degrees ) s ) % GRS
b. 0.25 degrees A Mo

c. 20.36 degrees '
d. 75.99 degrees
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(i) Let A= | 0 2 0 |.Which of the following statements is always correct? © = s (.\ s ) \% ) '
3 0 8 >

rhA is diagonalizable
b. Ais invertible
c. A is not diagonalizable

d. A = —2is an eigenvalue
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(iii) Let T : R® — R’ be a linear transformation such that dim(Range) = 4. Then dim(Z(T) = dim(Ker(T) =
dim(Null(T)) = Jormenn

a. 3 q
®s
c. 4
d. 6

(iv) Let B = span {u; = (1,3,0,0),u; = (2,6,—1,0),us = (2,0,—1,0)}, where {u1, uz,u3} is a basis for D. Then
Gram-Schmidt process can be applied to transform B = {u;, u, u3} into an orthogonal basis O = {w;, w, w3}
for D. Use the standard dot product on D to find the vector w; in the basis O. Then w; is
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(v) Letw; = (1,-1,0) and v, = (0,2,0). Given D = {Q = (a,b,c) € R* | Q is orthogonal to both v and \0
vp} is a subspace of R?® (assume the normal dot product on D). A basis for D is
a. {(0,-1,2)} \ ! | @ 0
b. {(1,01 2)} S )
c. {(0,0,2),(1,0,1)}
(4.4(0,0,2)}
(vi) Let A be a 3 x 3 matrix such that C4(a) = (& — 1)*(a — 5), where E; = span{(1,1,1),(-2,-2,0)} and
Es = span{(-3,0,-3). Given D = A*> + 547" 4+ 2I;. Then Trace(D)is <=\ , /- &
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(vii) Let T : R? — P; be a linear transformation defined by T'(a, b) = az? + bx. Which of the following statements
is always correct? ' N ~
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(viii) Let A = (-9,4), B = (—4,6) and C = (1, 12). The area of the triangle ABC'is e o
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(ix) LetA=|5 3 a4 and B=|5 3 as |.Assume |A| = 20. Then |B| = >
4 2 as 4 2 as

(2) 22 ®) 18 @16 () = 24
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