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MTH 532, Final Exam

Ayman Badawi

ALL RINGS ARE COMMUTATIVE with | # 0
QUESTION 1. (i) Let M, N be two maximal ideals of R such that N N M = {0}.

/ a. Prove that R is ring-isomorphic to F; x F5 for some fields F) and F;.
-, b. Let Qy, @, be co-prime ideals of R that are not maximal ideals of R. Prove that @, N @, # {0}

/ c. How many idempotent elements does R have?

QUESTION 2. (i) Convince me that f(y) = y> + 2y + 2 is irreducible in Z3[y].
\(\(ii) Find the smallest m so that f(y) has all its roots in GF(3™).

_{\(iii) Convince me that f(y) = y*+ 34 is irreducible in Zs[y]. Then f(y) has all its roots in Zs[x]/(z> 43 ).
Find all the roots of f(y).

QUESTION 3. (a) Assume that [E : Q] = 15. Let f(z) be a monic irreducible polynomial in Q[z] that has a root
in E. What are the possibilities of deg(f(z))?

“7<b) Assume that [E : Q] = 6 and E is a Galois extension of Q. Assume that f(z) € Q[z] is monic irreducible
in Q[z] and f(a) = O for some a € E. Can we conclude that E is the splitting field of f(z)? explain. If your
answer is no, then let F' be the splitting field of of f(z). Find [F: Q.

) We know E = Q(v2,V7) is a Galois extension of Q. Find Autg(E). Find all subfields of E. Find all
~subgroups of Autg(E).
(d) Let E be the splititing field of 23° — 1. Find (E : Q]. How many subfields does E have?

__QUESTIONA. Let D be a group such that |D| = 7% x 18%. Up to isomorphism, find all such groups.
w>
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