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QUESTION 1. (Each = 1.5 points, Total = 15 points)

-1 00
(i) Let Abea 3 x 3 matrix, where A= |9 6 b|. Given a = 2is an eigenvalue of A. Then b =
5 b 3
(a)4or4 @m‘ -2 (c)3or-3 (d) 3 only

(ii) Given D = span{(1,0,0),(1,1,—1)}. Use the normal dot product on D. Then D' (i.e., the orthogonal
space of D) =

@{(0,1,~1)} (®@}pan(0,1,1} ©{0,L,1)}  @span{(1,0,0),(0,1,1)}
(iii) consider the "mimic dot product” on R?*?, ie., < A, B >= Trace(BT A). Given A = [; 8] and B =

[ 0 0] . Then the distance between A and B is

-2 0
@v7 (®)s ©0 @3
1 b -6
(iv) Let A= |—1 -2 12]. Consider the system of linear equations
-1 -b ¢
o] [-1.987
A | = 3.7
I3 223

. Then the system will have unique solution in one of the cases:

(@)b=7798,c=6 @=2.65, c=-323 ©b=2,c=7 @b=05,¢c=6

_ _ b+ ol
(v) Let T : P; — R?*? be a linear transformation such that T'(az? + bz + ¢) = a—2bte %2t o .
2a —4b+ 2¢ 0

‘Then a basis for Ker(T) = Z(T) = Nul(T) is
(@ Y202 + 2} (®) {2z + 1} © {22+ 1,22 +2z}  (d) {2223}
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(vi) Let Abea 4 x4 DIAGNOLIZABLE matrix such that 2,5 are the eigenvalues of A. Given E, =
span{(3,3,0,—1)}. Then C,(A) =

(a —2)(a—5)? ®) (@ —2)*(a — 5)?
©) (a—2)*(a—5) (d) more information is needed

(vii) Let A, B be 2 x 2 matrices, such that 1,2 are the eigenvalues of A and —2,—1 are the eigenvalues of B.
We know that A ® B is a4 x 4 matrix. Then | AQ B | =

@6 ®0 @4 @4

(viii) Given 1,—1 are the eigenvalues of a 2 x 2 matrix, A. Then |[A> + A~ + 41| =

(a)2 (b) -2 (c) 14 12

(ix) Assume that the normal dot product is defined on R*. Given {Q, F, (I, 0,0,3)} is an orthogonal basis for
a subspace W of R*, for some points Q, F in R*. Given (11, 23, 51, 13) € W. Then (11,23,51,13) =
c1Q+F + 63(1,0,0,3). Then ¢35 =

(a)50 (b) 10 (©) (d)
(x) Let A be a2 x 2 matrix with eigenvalues 2, 3. Given E; = span{(2,4)} and E; = span{(—2,—3)}. Let D
Zy

be the solution set to the system A [ ] =5|""|. Then D =
i) T2

(a) {(_21 —3)7 (274)} (b) Span{(—zv _3)7 (27 4)} (C) {(07 l)} (d) (01 0)}
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QUESTION 2. (10 points) Let A= |1 0 -2 ol Yepeodt e
01 3 once .

(i) (3 points) Find all eigenvalues of A.

Co(s) = [+ 0 © OSO_}’F’/@

| - = =1 =
%Ogi o\ 3 © -t o3
L
ey ]»L o | = Ja (L(#-3) 3) = 0
-y &£L-3

o © <

= o 6 6 (o ceRr
6 = Cy © 2 \© o yBEe=0 = G=8C
o Cy -3|° ~o-3c = 0 = b=-3c¢
- ’ N | = {&c,-Bc,CW&‘ZB
- | o 0| ©°

|7 -t 1 a2 |©° = $P®{<a’-3’ ‘)3
. 1 ,

I e
o o .
:<O,—QC,C(C6(23 GO)GO);OS € eR
- g\)m{@,—;,\g o o O[O0
o = O
C

| b4toc =0
—> next page / b=-2c¢

(iii) (3 points) If A is diagnolizable, find an invertible matrix Q and a diagonal matrix D such that QDQ~' = A

A 2 dognelizable  Since s dim (Bo) = |

oL\c‘(Y\ (E\> = |
_ &\:Y‘/\ (E{Q\) -\
O \ O % -2 -\
0O 6 2 /‘/\ T
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QUESTION 3. Let T : Py — P; such that T(az>+bz?+cz+d) = (a+b+c+d)z?>+(—a—b—c)z+—a—b—c—d
(i) (2 points) Convince me that 7' is a linear transformation.

EOV(),\ wo(&"v\od'e N 97‘(\9 CD"dD"“OJY\ (T) 0 \
o Phnewr  combomokion 8 a«, b1 ¢/d\

(ii) (4 points)Find all points in the domain (i.e., in Py) such that T'(az> + bz? + cx + d) = 22% + 3z — 2

U 2 ARy s @ (11 1 12
s I Ry + Ry >Rz |0 O O s
—\ A\ -\ —_‘ ‘; —— e’ Oo OO O

L

Z-RQ*Q'—-’}Ql

-2
cer | v B

b, VUL Bl e

- -3-b-c b,c,gl‘o,ceﬂ 6 O o6 0|60

| a+th+tc=-3

-2 -b-c¢

- gég‘b ‘CBXB-V \)V\Q\-x CY * Sq—]\nCC/‘%O; s

(iii) (3 points)Find a basis for the Range(T).

Ry =~ Ry — > r@ \ \ ‘ oo (Qou\a(" ((f\v

R, xRy — @3 o o o (V) - ng_y,-;)) (r,o,—;)}
o o o o

//\—/

Baocio ((M@Q (T)>\7(Ql,x - 1), <x""_ O}

(iv) (2 points) Find Z(T) = Ker(T) = Null(T) and write it as span of independent points.

® v 1 o]0} bce’

o O O ® @) G xbaC =0

6 o o0 010 d = ©
- - C

O =
- {(’\D‘C;\’/C’D>\£’C€(ZE
= {b(-\/ \, 0,0), ¢ <- \/OJ’/@>2

3
3+\AQ, - K -RX}

I

g(mJ\ § R
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QUESTION 4. (4 points) Let B be a basis for * and C = {(2,2), (1,2)} is a basis for R2. Let T : R* — R?
be a linear transformation such that the coordinate matrix presentation of T" with respect to B and C'is [T]p,c =

[ 11 11 f] . Find the standard matrix presentation of 7'.

: | (A 4 (-1, -2
'(‘l<91ﬂ + -1 (02) § \TJ—/Q-) ( ';) )
- (‘I /

QUESTION 5. (3 points) Let T : P, — R such that T'(z + 3) = 10 and T(6) = 12. Find T (4z).

L‘Tbﬁ—&ﬂ = KO

2T (6) = 2N f
T (Lw) = L\TC\K‘*3> -2 T (0) /
< L\O - DLI = Q@

QUESTION 6. (3 points) Use the "integral inner product” on P;. Given D = span{z + 1, z} is a subspace of P;.
Use Gram-Schmidt algorithm and find an orthogonal basis for D.

Wy = X+

Wo = % ‘__M_Qj h (“,‘f‘*\fs,’;.ﬁ:_.w ( )

Qa—r\f: QX,—H)(%-\(\ =y ax+l
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QUESTION 7. (6 points) Given M, N are subspaces of R* such that
M = span{(1,1,1,1),(-1,0,—1,—1),(—1,—-1,—-1,0)}

and N = span{(0, 1,0,0), (0,0, 1,0)}, where dim(M) = 3 and dim(N) = 2.

a) Find a basis for M + N.
T R R N R e O B
o -1 VO SR+ Ry = @3 o @ o I 0
\ — -\ O ( _ (2\ " RL' > (ZL1 O O O O @
L g 0 O o o © 6 o
—— e
) ( ), (0,913
i =) Gy s-ne), (0,900
o (45 = (O, o v,
b) Find a basis for M N N.
- | o o 0/ "”
| -0 o 019 R R © 0
oo y+t@ 2% s (p © 1 O
| O | — | O
O 0 & o O O
5 © O o ! ® o ©/°
0 o O |
O ) | 6 §)
[ Ry + 0 =0
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