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QUESTION L. (15 points, each = 1.5 points)
(i) Let T : P; — P; be a linear transformation such that T'(az? + bz + ¢) = (a — 3b)z? + cx + 2¢. Then a basis
for Ker(T) = Z(T) = Nul(T) is

@3z+1} O 32 +a} © {=* — 3} @ {3z + 1}

Score =

(ii) Let T as above. Then a basis for the Range(T) is
@351} WA+ Ot @R 1)

(iii) Consider the integral inner product on P;, where a = 0 and b = 1. The distance between f(z) = 24 3z+1
and fo(z) = 2+ 1

@9  HVi  ©3 @45

(iv) Let T : P; — P such that T'(az? + bz + ¢) = (4a + b+ ¢)z? + 5bz + Sc. Then 5 is an eigenvalue of 7.
Hence E5 =

‘dépan{zz +z, 22+ 1} (b) span{z® —z — 1} (c) span{z* + = + 1} (d) span{l,z}

(v) Let A be a 3 x 3 matrix such that Ca(e) = (a — 2)*(a — 3). Given E; = span{(1,0,0)} and E; =
span{(0,2,2)}. One of the following statements is true

~(d')§1/ is not diagnolizable (b) It is possible that A~! does not exist (c) Trace(A) =5 (d)
A~ is diagnolizable

(vi) GivenD:{[Z —:}} | @,b € R} is a subspace of R**2. Then a basis for D is
1 -1 0 1 -1
oAy o] o} 7
1 0] [0 —1 0 0 0 1 -1 1 -1
ol of o SR @ RS
(vii) Let A be a2 x 2 matrix such that C4(a) = (o« — 2)(« — b). Given |[2A —3L;| = 5. Then |A| =

@B ms ©2 @16

(viii) Consider the normal dot product on R>. One of the following is an erthogonal basis for B>

M(4v010)7(0’47_2)’(07172)} (b) {(I,O,l),(—l,l,l),(~2,0,2)} (C){(l’oal)’(_lvl’l)}
(d) {(1707 _1)7 (Ov 17 2)7 (0,0, 1)}
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(ix) Let A, B be 2 x 2 matrices such that 1, —1 are the eigenvalues of A and 2, —2 are the eigenvalues of B. Then
|A ® B| = (i.e., find the determinant of the tensor product A ® B)

@ ®-4 16 @9

(x) Consider the integral inner product on P3, where a = 0 and b = 1. Given {wy, w,, z} is an orthogonal basis
for P;. Hence, we know that 10 = cyw; + cows + 3z, for some real numbers ¢y, ¢y, c3. Then ¢z =

(2) 10 ®5 (c) 30 (d’{ 15

sa

QUESTION 2: (12 points) Given T : Py — R?>*? such that T(az> + bz? + cx + d) = [ a-2Z e-d } i

i
—a+2b —c+d
linear transformation.

(i) (3 points) Find a basis for the range of T'

T(&W\3¥¥kl*gx*d)= a-2b c-d| = TKO‘)\'J,C)A>;Cq-lb)c—c\)'Q+2\0,~Ctd;

-a 42b -c+d

Tlap,c)d) = als,0,-10) + (-2 0,2,0) +c(01,0,-)+d(0,-1 0 1)
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(ii) (4 points) Find all polynomials in P, such that T'(az> + ba? + cz + d) = l iy J

-2 -4
x S(ayb e Q) =X::4 (xy4 -2, -4)

1 -2 06 ol 2l | @-2 00| 2 (same peaabions
o o 1 -114 6 of@-114 a ()
% o -1 1 -4 Q) o o0 O o

c-d=4 = c=4+d gl o A=A

S sk = L(A+2b, b, 43d d) | b d &R
= {Qrap) A bt + arddx + 4 | b d R

M

(i) (3 points) Find a basis for Z(T) = Ker(T) = Nul(T)

1 -2 0 o(0O @ -2 o ofo0 ; «
4 fé_ég Tle o ®-1f 0 Cooms spuation o lv)
0 o-11lo 6 & & 8|0

© o 0 0Ol o
C:d )q:')\h

Sehe wek= § (%,6,d4,4) | b,d €RY = 3?”\9{("-)1)6)07) (0,0,4,1)%
Buis S Z(D): 102)3,0,0) (0,0,14,1)F = Lo+ xa 1Y e\\t‘&

e

(iv) (2 points) Is 7" Onto? Is T one-to-one? explain briefly

ALT) # emaqn R Y S W T S
Dun (Romﬁe(ﬂ) r Dw (RCT) < Dun LDvaoMKTD
Pam CRo\nse(T>) A= = . /
Dire (o domnaim (T = 4

DimRanep () 7 Bon (odomein (1)) g 0
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2 4
-1 -3
diagonal matrix D such that QDQ~! = A, and hence Q~'AQ = D.

QUESTION 3. (10 points) Let A = [ ] If A is diagnolizable, then find an invertible matrix Q and a

A h :’X (&) = 1. - A - \*X;l —;3\ = (8-2) (w43) v 4

\1

Py BX =R -
‘ (x+2)(x-1)

’_. _.-3\)1 e Mg Q*SU\V&W\/ L/

8 aclA y
Bach oy, N Mepakd one, A A&c\aﬂ&‘@b\a-
b-T-2 o
[o 1] e/
a 1)
Cw:|-4 -4 |0
a=-%
1 1|0
E;),‘-(i('\:)b) \\p‘&‘\)\é = QYAhS(’l)i)’S

el‘{—i—bf\O} as =4l
1 3 1°

Ex={(-4b,b) | beRE = sxmi(—/x,ﬁ?\t/
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QUESTION 4. (8 points) .
(a) Consider the normal dot product on D = span{(1,1,1), (—1,0,0)}. Use Gram-Schmidt algorithm and
find an orthogonal basis for D.

Q4 S,
D= S?M(i,ﬁl)l)l)) ('1)0)0)3

0 = Jwai W2

Wye = Q'& - (1)1)1>

WazOn- 402,067 5 = (-1,0,0)- Bk S (L WLUR By
\wal* 1x1a1

= (-4,0,0) +<33* )i— )LB

i
= "9\ ;-)'L
2’3 3

0= {(1,0,1), (»_;_,_i__,.a’}

2

(b) Consider the integral inner product on D = span{l,z}, where @ = 0 and b = 1. Use Gram-Schmidt
algorithm and find an orthogonal basis for D.

b
D- g‘w\({i )173
O= fwe W%
Wiq :1‘\1 = 4
Wy = ’Qz' <F1)U01> YR 11&'& (lB
\Ni\z ?1&1
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