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N
x R 1 subspacca, spPan : linear Fremsformahons

- k- J Gyl xiye e §
= stk Of ok pomts ™ X-Y plane

- l't-; < T (.)(|,x-,_/)(;) ]%\’XLIK-_., 6R§

eKomple s
(h2s) = >
(LWH-2, 3) =

u

Oparation § M\ncj pPOiAS
(lll;D)‘{’("l;SIH) = (D)S_ILI)
3(71——21|) 1(11,‘GI3>

Span 4

span | (21,3), (001,5) |

L st of al lnear wwmpinations  of (2,0,3) , (0,(,5)

- tinear ombhatisy meand G (213) +~ Ca (O, \S)
where U ened (p are Som€  real pund &S

x D = Spﬁf) 7 (J—l‘lé)l (O)IIS) f
docs  3(an3) + (0,1,3) & 1 T \ES
does Ax(212) + -u(0,1,5) &€ b1 yes



¥ D= span t (u2v )Y s a4 suespace of R
=\ (L2 8) = (-1, -x,-Y,;0) & D
s (00Db0)0) & D 7 Yes , murtiply loj 0
is (1u2,0) &€ DT g0

* P = .Spar\ ](‘\‘(5))L‘|_lll)ll.\i5'3)‘§
0CL 13) + 6CG-1,2)Y3 o (hs,3) =0C0,0,0) &D

A-v.ﬂ

74_

D=7 (xyu)) x=20, y»of

¥ Subspacc is alWmys a suesch bur  suweset Ient aways o suospace

Q. D-—T(-X);Kmlx)"’xz)‘ 2t € R
(h2,3) €p , (L. A-,2) €D , Dis nfinitc
use the wmcepr of Span and snow that D 1§ 4 suespace o e d
S D= [ RlGD ) * X (0, 1)) %2, & R
< gpan F(ho,)) , (0,1,1)]



Q. D= J(x/%, =2x ¥ 3%, 3y)) Xty € RS
D is an inknite se- o R"
wavine  thar D 1S 4 suespace o R
2 0= T % (1o, -2,0) 4 % (0,1, 3,0) + ¥u(0,000,8)) %oy Xy, Xg 6"<T
= Spey 1 (110;=20) ( (00 3.0) ( (&, 01T

Q. D= Flxi, %, %, ¥+2)) %,x, &€ R T
is D a sukspace o R *° 2
= D s not 4 subspace  because
D=7 % (o) + % €0,1,0) + 2(0,041) I
J X (yor) + xa (001,0) + (0,0,) ]

, o s 1S A ‘xed pant
# spon ] points f i) Ca‘h’r_ﬁ\r;:c P
MmlaWheWwaaA v 5
another  method : nWaree v Since. there
T A variak \&  velore
> Uneck 1E (01010) beAgs in D ik

wien X and Xg 0, (0,0:1) &0 so (0,0,8) £ D
Q. 0= icxl) Xy K3 \(3) l Xe 1 %3 & IR
—ﬂD=TY|(I.X3.0)'|X3(513(||I)JKHK; é—lli
b pot specifi( A
D i« not a subspace oF R3S

@' D"T(th*lxxs;h‘)lXu":.)\qéllz‘(
- O s Nor a sSubSpacc because

(6,2,0,0) &D so (0,0,0,0) & D



Liveor +Hancformotions s
)c\u\ma.ln fu—dow\a.l\r\
Q. T - KL —
TCxirnza) = XXy - SXa2
Show T '3 & \lincaar harmsformaerHon

= illushate  TC1,2) = dQ) - §C2) = - 13
TCac) = aca) =[SC) [= |-
add the poinks: T (3,H) = 2() -S5(uw) = - 1H

X propexty % T ((uz) v Cx)) = TQ,2) + TCa, ()

T= K- TR
TCK) = x+ \

= illuskrate TCx) =3
T(u) = S

T(e) = 3 =+ T(a) +TC4)

pet o I = Rn——\ w s anlhed Wneay  transormedion
W (D Tlery) = TCad) x v(@:)
@ 7 (@) = ¢ Ta)

Q T k- r
TLK) = 3x
s T a linear +reansformetion 2
T() = 6
T(3) =~ 4
T(s)| =y5 |= 16H9



O T = 1~ R

TCx) = x*

is T a Unear Honsformakon ?
TO) = 1

T(2) = 4

T(3)= 9 F# 1+4 so no

%x T =R—= R v Unear Hransormetion

b % TCx) = mXx fov some Yesl numweyr m

=2 | T R-=> TR . T) = 3+ is no+ | lnear
e § for matidn since it is nor of tme  Fovm mxA .

% T : "5 RT 4 a Ulinear honsfrmation  then

T(»o0,..,0) = (0,0, ..., 0)

n- 2eros m- ¥*¥HmesS

= T:RA TR | Tl 2x+d s at a linear transfoymedion
since | T = & #F 0

3 3
Q T-rR'-®
T (%, Xe, %3) = (5%, 2% 4 ¥rxa)
prove thar i+ is a linear transformedtion

¥ linear Ombinabon o X XL X3 Xy Xs meanS  UXy *» CoXe % -0 F (o Xe



Q. T: R 45 R !
s TUxer X ) = (0, V', ¥t ¥ ( -3%) a lnear transhymation?
O 15 oo Unear OMbiNeHON becauwse O = Ox, ~ Ox;
1 s nr a Unear Gmbinason becauye |\ t Cxy ¥ &y X,
HtX, > a lUncar @mbination verause AU+ A2 = | K o+ 1K,

=3%; W a \inwy LMmvnNatian beuse -3¢ = —3n( + Ow,y

¥ 0F T-R™ =7 s laer fonsfomation
T (oviggn & R") = ofgla of W™

Q T:R*~ K

T TO% % ,Xs) = -10O%X3 + %1 a \ear Tansformctien

SWO%s + X T 0 Xy 4+ X2 -\N, S ges

- T~ [,QL'-—) 4(5
TCx %, , (s, ¥q)= (=26 +3x y Xy =Xy N+ 2~y 0 Yy X)) T?
3y otlowse  adn OGRS o lineor
“ensoreathon

Q- TR - R

TOx X o %) = (K ¥ O Xz, %) LT?
= NY otCauns e X, X3 onnor  be formmne d

R. T*R" = R w & L.T

TV =S, TCt,v) = 3

Fnd T (0, 2) = 7

Tlo,2) = TG, ) 4 T (- V) =S4 F = A
TCu,u) = blTte,n] = a(3) = 28

T(0,0) = pCTU, VY = ©

T7(006) = 3[1(v,2)]) - 301a) = 3



% lincar {ransformafions [ Rangc + Kerne

¥ mn(jc S a subsetr of w0 -domawn

% zeros ofF T = 2(T = ker (T) = aul sSpace

O0 T: R - R
Tx) = xt 4L
we ko> T o oot LT
Tange + 14y & P
X-inrercepy © zeros of Y

L tives in e domain

G TR - R’
TCx %) = (322 ®e- %, % 4 5x,)
— eadn Wordinare s x  lincar Gminction L-T-
® Gnd vange o T
range = rfsx, P Ai=xa, X 45x) | %, x, € &Y
range = T xtony) a % (3., s) [, x & &
= spen G, 1), (3,-1,5)7
Y subspace oL R.*
%1 (S,2,-1) € range (T) 7
(s, 2,-1) = G Corty1) + ¢, (3,-1,5%)
(s,2,-\) = (0,G,4U) 1 (3L -lCL, SC)
(s)2.-1) = (3, + L-CGy L +5a)
3¢y =15 |, 1G] &
G-G = 2, L -

:_2 (A__g_

“oofy,

1 2 o
+ SCy) =-| 1 s - 36 =|- -
U+ s ot (53') 1 e 1, -]

So the point s not in the rand< .

©odne range lives i R? bt s nOF cqual o R?



@ FAnd tne zeros of T

2(T) = 1(1- X)) VYU %) = (B X -Xe s X, 45K ) = (b|0|0)i
3x, =0

) X2 =0
X, =X, =0 o+ X =0

z2(m) = (0,0)f

¥ Z@) 3 alweys A suespece 0 the dwmoin.

@ T R® = R’
T()(u ’ X\ 2 x}) s (x| + lx}: iz._sxl)
4rans Fonmmati on

=l 20T1)

# ts a Wear

O Ffind  ker (1)

2CT) 7 T, %o ) 1 T, %y, %) = (0,0) §
(X|+1/\'3, XJ_—SX))

(o,0)
Yy+2xs = O = K T -2X3 I Xy &€ R
X - SX3 = O = X, * Sxi

2Cr) = {Caxs, 5x3 , x:) ) 1, € rf

=Tx (2,5, 1)) xy em§f

span 1 (-a;s5,1) %

L’.Subspa\c_: oF )K5

@ find the range
lZ.anqc ) = 1LX|+J.X; . X2 - Sxs) |"|I"L:x3 GKK

=fK.(l.D),X._(o,|)I Xs Lll"s)r
= span 1 (no) . 0,0) ( (1,-5) §



¥ QL Q. Qe WY, we say Qv, @2, ..., B ore
mdependent  1F anad oy & L0, @iy e GOk T L:_\iv.;‘..c?
fhen U=C = .. = & = O~
x Qu,.., @k ave degpondent ¢ dnee  eKigs  ar (eastk one G £ O
Q@ 4. + GO+ ..+ @k = (0,0,..0)
L equivalenr definiion  (prackical)

¥ Q- p Qk in " e independent ¢ none & toe @1 s o
\inear Lomeination oF the \r‘cmodning Qirs .
£ Q- , D e dependenr & oveasr one of the 8Bis  is

o \inloy  (ombinagbon oF the vemuining Qs -

O (24,0, (0,0.3) ,(wa, 3) & RrR?

are these points  dependent iy independent
dependent  because

(4e2,3) = 2a(a,1,0) + (6,0,3)

Q. (0 4,k 5), (Losa, 1), (0:0,1,0) ove indep n R
Whar do we infer ?

% Yyl Points Or€ not linear transformatons o
one.  anorner -

* 40 Y G0 xCy 05 = (09,0,0)
— =0, Cs = O

# Tow- operahians  oldowed

2 AR, & F O, mubiply o o0 win  nzero  numboer
2 AR ¥ Ry — Ry

- Ri ¢ Ry, inrerchonge L rows



&' O‘C (l, H'-’l)l L“; .)-) 3) 1l l0|élq) 6”2—3 )ﬂdcpa’deni’ ?
= thinle o tatn pointY as a (oW

14 =5) 240 oW by MW
® =y 2 1|3 = first vow, first viomero nas 1 e 1
L Y b H- €0, W\Mﬁpl\j by %
® ! 2 - S Kn on mumbors oelow the L
-1 2 3
0 b U 18s + B2 o Ry
@ 1 2 - - repeat WUUPning N kow 2
0 L 2 al )
—b—t - diide by kb ga first nnero ko ke L
1 2 - = LWl ol wviuwbbey bedow  Bne 4
1
@ 2 b t’:‘ = -6Ry + Ry R,
1 b -1
@ > none O the vows = C0;010)
\ \
0 4 1’L so ihe ponts o naependent

Q ae (L -1 u) (=3, =3, 8, 6) (2,72, 6. 20) ER™ indepondent?

R R AR+ R 2R

-3 k|6 5 1R +R; o Ry

-y -2 (A 20
C1 U b L -0p v Ry o Rs L x since  last vou)
D U 2y 0O v 2 =(0,0,0,0) irs
0 2 b4 18 6 0 0 O

dependent



x

D=%pan (& .. ©c3

letx D e o subspace o ", we know
for some points in RY.
- dim (D) = wmux #* o independent ponis n D
Say Py Pm  ore {he max number of independent points in D

then, D = Bpan TP.,._, Pu)
dim (D) = w

Q D= span JU0i1), (-2,-2,1,3), (a0, 1,5),
is a subspace OF rM.
o) And dim (D)

[ ( ) { [ ( [} |
2121413 L 0 0 + 5 —
b b 1 S o 0 1 S

L|-2[ 3] 13 0 0 3 15

2R+ Ry = Ry -R; + Rz = °XN

AR, * Ry = Ry =Ry X Ry Y Ry

dim (DY) = 2
b) basis for D

B(basis for D) = 1 a0 independent points |
=7 G0,y (00 0, s)§

c) DESPQH 1(‘|\|°’|)I(°In|‘|s)§
d) is (1.9 2, 15) é D2
(10,10 2, is) : (L1, 0:1) + € (olollls)

(&I (41 L1|L4+SCL)

1
C =10 | () =2, 10+852) = IS

n

(-2,-2,3,13)}

[ 6 1

0 0 1+ 5
o 0 a 0
0 % o O

N0 Suth G . G exists hence (10,16,2,13) does nd belong > D-



ImpoYtank Mok -
X OSume D W o Swogpace of ™ and  cim (D) ~m  fhen
Qim (D) = m ¢ n
SD=~R" if md ony F nem
29 k> m,, every k poinks In D are dependent
* bosis for D = Tany m independents pmotrs 1 b f
&pon basis | = D

Q. Is J06) (-3, 2)] a bass for R 2

Exsm acy A w1 A OV

hor 3R +R 0 By iR ‘ndegendient
% onte they are independent, 1t is a basis of R™.

R* = span{ Lug)  Con) ]

R* = span ? (), C-3,12) §



Ciqen values

- T:R" 2 R" is a linear fransformation . A pumber o is Caved an eigen vawe o T

if and only if exisis 4 nonlero vumber  poink @ n the domain (R" i this case) .

* T(yowy ¥n) = & (%, 1., %0)
€xample

T“ ﬂl."’ T m'ﬁ ¢ T("l/";/ Y;) < (SX| I 3K1 ) ’lOXg)

find eigen values o T

Marrix Hulbtipti ction

L 2 3 ( (1x)) 102x6) + (3%3) —11
(R i I 2 N9 T [owys Gse) 3 (1x3) | =] 9
1) 3 3 (1x1) + (1x6) 2 (3x3) 13
"2 P § | 1 3 ri-ct r1.¢C2 ri.c3 23 4 19
o 1 - -
o ! 2 3 i :’ \ 2.6 ¢1.C3 e2-C> ¢ 1 C
2x M 4x3

in mulbplying  matdtes . AB  dees Mot have tu equal e BA

| 0 2 U ' ! 0 2 Y
1) 10 10 sAla |v o] 0f s 1| o
2 1 3 0 L ‘_3_‘ ~|_ 3 0
3xlk Yxi i - —
) 0 f s
= + 4 =
2 n 0
3 7 0 s




0 we e wneept oF LC o find

11 3
o | l
(VI {
3rh
fir.sl- Qlumn = :
1|0
_0—
<eond  Golumn = !
410
—0—
* AMB = G

N

eadn wumn  Of C

eadn ow o

—> Resmr

2]

(

0 \

2 0

3

hx2

2 3
| ) 1
i 1
2 3
]
| )

is @ Unear Gompination OF e wumns of A.

of &-

is a Unear

§ ta'\vt. we  any matrix

T:R"

— any makix can be a linear 4rons formafion

T(ys) = [ H]I } : {[17 +3047 =Tw] =13

[x+ 4] = X4 bx, = {ox +@x) = span Treug

X+ L4y, = 0

- "

+3

+2

(dmbmation

g'wcn I)_lj TCHew Am) = M

{
3

L] = _LH;_

>

Xy

of the rows

Xm

and any linear

all real puwbers

s 0 Uoear honsformadion

fonsformatibn  con be o mawi%-



Q- example from the quiz
T, 02,85) ¢ (a-20,+05, 4oy -8a; + Hay) = &(Lh) + @z (-2-9) + a3 1 0)

Q 1Cind the Standard makix  presentarion of T

o 6, a
\ =2 \
- y -} 4 Standard oSS & ine domain  (R*)
1L\,0|03 ILnl‘l()\l \Q|°|l\‘

T(t0,0)=01,4)
T 1,0) = (-2,-3) Range = span 1(nu),(-u.—s), (hw §
T[010|\)'—Ull‘|)

0 -20,+ 03 =0 Z(1) = {20 -85, a5, 0D 0,, 0, 6 RS
0«! hd 14]_ — Q3 Z(T)’Idl(ln\:0)+05(‘l| 0,1)§
L= span €m0 , (-1,0,1)F

+ dim (2(M) = % & frec variables when we Solve r’\[l] [T]
Xn 0

® dim (Rame (M) =1

(O] | - independen
-1 -§ LR +R 0 Ry 0 inhd
0

{ 4 -y +R5 ] RJ

o o=

% dim (M) + dim Uuch M) = dum ( domain)



¥ 3
Q. 'R = R
T s, Xop %) = (=25 + %y, 0, 2% - UK +%;5 + 2xy)

find the srandard masix presentation o T

X Ky ¥y XKy

(ES T " LIS T R z
%

Metlyg 0 0 0= TCubxad = . TChuo1) = [ g o o o ~
3 ]
1 -uw v 2 1y 2 -M V2 0

i -2 \ I -2 0 \
Rank (™) : 6 0 0 o0 | 2MsRiors o 0 o o Ronk (M) = 2

2 -4 v 2 0 0 v 0

Tow (M) = Spon 12,00, Coort 33 Span [(11-210,1) . (2,-4,1,2) §
Gl (M) = Span i(ho:z):w,olﬂf

# T is “onee™ M ond oy 3 Range (T) = (o- domain

T s I=~1 if end ony if when veoy T(a) =Tle:) then Q) = Qs
T is 1-1 iF ond ony & the  Z(T) = Jorigin §

dim | span Lorgnt] = 0



L] s
Q. T = R =R
T(sey % 11y ,h)=("a"‘: FTVq Xy F Ky =Xy, K +2%; — X3, X.+n+¥u:°)

Find al points in the domain (R*) | T(eacn point) = (1,4,5,6,0)

LT " PO 1Y

0 1 =t
RN I I - B
" t 2 - o
[T I T |
0 0 o o
LI T
0 1 ~t 1| o 1 ~1 1| 0O 1 o~ 1| 0O 1 =t 1| o 1 -1 O] O
b0 A | h 10 v 2| 3 1 o v 2| 3 10 oy 2| 3 v o V o | 5
12 < o|& | 2|1 0V =22|3|>|0o0 0 O©fO| 2 100 0 ©|O|%|p o0 0 0O
I R T T ) 1o v | 6 ® 0o & 32| 3 © 0o & 1 |} 6 0o © 1 |\
006 o oo O o o ol o 9O o o of o O o o of ¢ 0 0o 0o o] 0
(ompierely reduted
A -2y =0 Xy, Raa Ry LR 2 T_("-‘::la,hll)‘ 13 €Er}
L o+ 24 =5 aw.LmuAJ vorables 2, :65-x3
gl 2 X3 s o fre vosieole
0 =0

4 When \10\1 hove o gysem vf; Linesy equehions , the wmperety reduced  mathx (an hove :
© one Wwique  solution @ No  solunon ® infinite  SoluHong
—if @ o @ is wweer, we say the System. 4 Consistent
=i} @ » wnect; e system da imtonsisren:
* if there is aieask ome frec vonooie , here are infnive  solwmons.
t U} ac is a0 frec vaviable , it (n erher VE unigee of o SHUHON

3 No solubon  —» ' ord oy 3¢ W0 one of ne Sicps s odbsewed  dhat @ = nonzero



O. Av 4+ A Ay -515 =| 4
-u + G *Sx3 = \0
1y + bx, -bzy = C

O fr what volues of o, b, C docs e SyFem hove  umigue  sowhon T

0 0 bi6 |C-¥

% +Axy -3X3 =4
(@+2) 2, +223 = My
(bte) 25 = C-3

@ fr what volues o o, b.c Wl e Syren be inconsistent ¢

a System ‘s inconsisteat ' ond ony if 0= mmeo &

b=-b od c#¥ 3%

Foaz-a, %3=3 so ty = (% -3

a=-32 and (-3 <3
b

@ &v what values of o, b, C wl) dne Sy hawe 'm,f-'n;)elg mony Salwhons ?
0 system has infinitely  mony Solutions  wnen  dnere s

atleast one  dree  variawie

a=-2 od CB = 3 and b=-06 , (% | a + -2
b+ o

Q T:RrR® —=r®
T a0 23) 2 (N4 2% =305 , =X +a%; +52; , 20 + 4% + bxs)

® for wnar vaiues of a.b there will be o point (%, X2, 2s) in e domain of T sb T (x, % %) = (4,10, )

cer?

o Same  on3wer oS  previous  quesrion
2 4 b c



Q. Tt r" — e

TCh, xay x3) = (HZy , -2x;, 3%y, ~Xy)

Ey= span 1U,0.0,0)%
E-y - Spaa 1(0,1,0,0)F
Es =span [(6,0,1,0)F
E., = 3pan 10.0,0, 15

®=U, T7(,0000) =(1u,0,0,06) = 4(1,0,0,9)

K ="d1 T(01,0,0)=(0,"2,0,0) =-2(0,1,0,0)

% =3, To,1,0) = (8,0, 2,0) = 3(6,0,1,0)

K= -1, T8, 8, 0.0) s (8;0,0,°)) -V (o0,01)

@- A = 0 fid o Cigon  values
ol il Q@ fd En
0 0 ©

* fools  needed to hnd  €igen- vatues

@ dererminant

—* the System has o unique solukion if the deferminant F O

b deftiminant = 0 4 no sdution o infinitely many

Cramer's Rule
[ R} o2
|
(4 w|#0 L, s 3°||3'%|



'\ 2 3 b2 3 V2 3
A A 25 0 6.l 0« %
Ul I o 0 Lo o 3
der(A) = der (B) = Gder (<)

¥ oddifion df rows dossn’t change the dererminant bub  mulfpichion  of o nonzero  does -

X let A be nxn dignguar makix , (Al = walkpiceion of Al vumbers . on e wmoin dioganal

— P is Iriangular if © hos  one o e {vno\ﬂw\s *WW :

Uppev rianguiar lower irianguiar diagona)
0 b n
b -a 6
e 2 R
0 | 3 3 I 6
| 0 10 (= 10 0 I 3
L -2 6 -18 p 0 -4
B _"1_|n1 lc| < 18] = FIA) tol=Icl=iB) = XIpl [E]=-10) = -1c) = -)8) = -4 19)

Ry + Rz 2 Ry “hr, + Ry R B R,

IA] = -uIE( -

upper friangle
-h(-a8) = 12



1 5 @ w _|JI|24 A
A 5 w© B
A=]-4 -3 o w©
b 3 W m»
Lt 3 3 5 2 3 5
: 25 BB ce [0 4 b 23 (8] = alcl =a(9) () (20)
y g 0w 0 0o 1 % = 9940
R SO TR ) 0 3 O

R tRy 2 Ry
Uy + Ry Ry

b2y + Ry 2Ry

Big Result (A .8 are nxn matrices)

@ (18] = Inll]
@ la0] - " |al
@107 = |0

@ AB doesnt have tb equal do BA bet [MB| =1BA]

© (R tal neat not equa +o 1ot ¢ lgl



st |«L-n) <0

JE -2 b 5

a2 h 5

3x3
|« -al< 0 4l -n -
X-3 - -3 Rd
2 A4 -5 By &Y
0 3 A ) ®
deter minant =

B> -k + & -px*+ox = O
s Ptk - = w(wt-d-0) = «(%-3)(«*a) o |o<-c. ®>3 , x=-a
how o gek the a'gen space %
O tgke % as O in the last matix
ond make iF homogeneous
- _ L 3 1 3 L 3
al - B O]t |k | % - Vs EP
- - - 5 -5 -3 i
2 1l 5 0) 2 4 o o ) = Q
Q 0 W\ 0 o Qo (Y o o (o3 o o (o] (o)
TR R -3R + Ry - Ra “E R TERAF RO R

find ou dqen valuey of A

®-| =3
-0 = 0
[o *-“J

(-3

-

@1)(4-h) =0

Rzl &zl

{'\'nd al ci?cn values o B

for eacn eigen vawe . & find Ex

=0, e for &

%-3 ~I -3
A &4 -5
=5 y A+9

0(5+30x-4)) = & (“5lx-2)+6) 4 & ((v-a)a-u)+a) =0
O - &K("9A+ID+0) + o (R*-lyg -2k +F +2)

=0




) 0 B 0 2
10 * -
Oy + 1523
t
(> — Q _
: 5 0, + a3 =0
o o (o) o N

-
a3 , S a3 ,ﬂa)’aaeki E‘ is the ser of an pints n R"

I
(B8, 1) )a €t where H[?}""[?]
s span YCEHF ) S

1 Soy Q- (a, .., Bn)

On an

fo find E3 0
O take & as 3 i the last matn’x

ind make iF homoqoncous

k-2 -] -3 1 -y

- 0 - |- -
iR 3 | 1 -3 |0 | 0 -2 |0 0,-2a, = O
A Ay -5 2 -1 5|0 0 ] 1|0 o | l 0 + 03 0
0 K & 0 % 3| o o 3 3 |60 O 0 o 0= 0
“ARy + Ry S Ry Ry+ R = B

-3p3 +R3 = R

E_s =?(~aa3r -4z, 0;3\03(‘523
< Tos(-2,-1,1) |as ¢ f
= Span 1Ca-, l)f

Homework :
find E-a




x definition 2
Ainxn, we sy B is monsinguar (imertivle) if fhere esists a mabrix, denoked by A, sk AR - In
+ A, nxn, is invernble lff IN #0

Fina A"

e [oi] <[]

n -] -2 ‘:mdnl
2y 5
} 2 -2\ O o f 2 -2V O o b 0 -a|=l -2 0 I 0 0 |-5-a 3
- -] 2]lo 1 ©l|o 1 ot} O]]lo v oL U O 0 L 0|V 1 o
2 y -3|]o O 0 0 |\ [a 0 | O O\ [-4 O | 0 O | |- 0



To find A fom @ given A™

-\ %) q r Xy @ X .
? h X - Q - A A A J z ﬂ-‘ Q - I! 1, = H_l (V)
X3 G I Cs . N
H - = 2 10 | £md “ kmw_\“s :‘l ] ;‘_‘
- 6w . ]

K\ ( J- 3

ol = 2 1 Y 10 i ? |

X3 - 6 10
Definifion

Knows A, B ae inerfible nxn. then  (A8)" < 8" g
N ENIY
know 2 C, nsm ,ond D, mxn, (CD)Te pTc’T

Special tase for Ax 2 :

M ]

now: Ay Baxm (“fB)T=nT_tBT

o (L )
i _'_. f,_ ! _L :_ _| —.l_ pBp™ - [‘j :][: —‘a}




Week 9

Recal) : Know: A, dxn/|, assume A hds ofeast
L+ 0 = A™| exisrs 2| identical| rows on | Lowmng | 4nen| 18Y: O
)= —assume i" roo ond K™ row e identical
i A 1[] -Ris R 4Rk B* [,,,} 18] =181 =0
know: (A7) = (&N
= if i* oumn ond K™ (olumn of P ore identical , then ;™
¥ [A | ummm] has unique ' solution and K™ row of AT oare idendica) . Since B = |pT) ond Ia7] -0,
i Al #2 i AT exiers \pl = 0.

% |R] =0, either (onsistent with infinitely mony SoleHon  OR inconsistent with  no  solufion.

example -
@ @ Q Oy
Q\’. (\1116/ h) we wmbk o G (e}
Q= CLhk, 6, ¥) wnigque  50lwhon G| -|O
Q5 3 ()\|\|\l ) (4‘(.,_:(,1—.“_, =0 (,3 0
W Q

Q= (0,01, 2)
A

$ A Ny unigue  swuron (4,00,0) Y& e\ #* o

Resulr = ossume Qi.. Qa| ave  ponrs | in R, en Q., Q. .., Qo are

independent \ff |[&% ]+ O

A, Yxu, LK multiphcation °§— oigcn value)  wih | fepefition
Calw) = \«Ty-n)
Ca () = (+-3) (x25) (A = (3)(5)(-8)(-5)

es'qcn vaues : #=3 a:-5

-Bon fepeared  fuice

43 its qiven hat 0 1 nor an digen vawe , \l F0 meaning A ‘s ngitible



XI5 an eiqd\ valwe o B, aen . (p] #0O

Q' Al 3* 5 12
Calw) = (&-2)* (=-)
O Fod A @ Fnd eigen valuey ® End )
o A"
© 18f = (@) = o @ L wm L
® =1 . @Ey,=E; and By - By
1) 1

@ G‘Nm E). = SP“‘ 1 (‘lol")t . Eh = SPan ,{oﬁ-la)i
Find Elh and E yy

Trace (R) = Sum o 4ne numbogrs on e main dmﬂomﬂ

= oum & e eigon vakues

Know s
X P(_l = N OsuUMing  « # 0
A
ko K
X X is on eigen value g B

* Ca is an eigen  value of (A C = omtant

with  repehhon



deﬂ (Cn(*\) = n

218 +\ 26 — GX0 moix

Cp (x) = (k1) (-3) (hay)

(D whar e he eigen vawues € AQ" = xQ" ¥ milfiply A on o tides
X:-t  az3 %z -y A*Q" < xaQ"
@ Trace (&) = -14-145+3 43 +u =3 p'Q" = (29"
1'Q" = «* Q"

®* 1s an

@ (8] = NENENNE)NY) = w0
@ Gigen  vawes o ~if « is an ¢igtn vawe of A, then
R -l A e & dl’ju\ value of At

O- Q,Sxé.
(R(&) = 1&T3-p| = (a-u)*(xsn)

B:an® 158" -nI, find B] ond troceca)

ggen values = A=Y A -}
for A=Y for o= -y
BQT = 10* Q" + 58 QT -uI,Q" B = aut+rs(s)-u
= 32QT 4 5(5)07 -4QT =3 -2 -y
= 2 7S

22y Q" + 5 (+)Q -5QT
=307 + 207 -4Q7
=(3Z ¥ %. —A)QT

|Bl = (44.25)(aa.25 ) a6 35)

= 29.as Q7
trace (B) = 2935 4 aa.35 + 2635

Definidion s A van,
We Sy RAB diagnolimble If fnere exisks  an invertinie  werrix Q, oand 0 diagona)
A* < @0*Q" = p*

mehix D s dhar Q7 BQ - D i A-QpQ )



Week O

* adjoinf method : ey (i, k)
QG G0, .. Qin Cu L e G
: o i A ofter deleting
A odjoint of = C = Ge = (o)t F [Kmw §im oen
Om Ony ---  QOne C‘m tma ---v Len )n‘
Oy, ° thicd row , foukh Golumn Gax) —cny of U = Cig
know:  A- adjciak () = I8 Tq
Assume IR # O =b A" exists
A adicies (8) = To
Y
A= x Find ahe  (,3) envy of p”
':k dea |28
e 2 1 IA) < a(3043) -3(-wsr) +4(6r1) = o2
23 4
o 1
I-’i -‘a § |
2 (D) . -5
o 8)

¥ Psume  Cal#) = (%)™ (6-:)" (o - 0y )™
o < & (Fu) & w

Result :



Q@ A 33, (a0 = (20 (av i) L By =Span |15, 0] | Easpan | (0 190
is A diognolizable T
dim (E2) =1 dim(E-u) =1

No because the dimension of Ea # 3 # ine power

0. B,5:5, Lix = (&-3)* (xr6)* (x-¢1, E5=spanI{l.l,\,|,n,l—\.\,|.|,\\§
E-s =Spani(-\--\- VL G §
dim (B3 = &2 =03 Ee = &pan i(n.a.u.o.ni
dim (E-g) =2 = n.s

Gm (B = 1 - @ RO IR TY d{&ﬂ\m\;\\'\m\:\c

—>Hod a dicaprad wodY D and an inverkible motrix @ such dhar QAQ D

3.0 0 0o 1 -1 21 -1 ©

. |192.0 0 o v e

b - b 0 =50 o Ap—— Q L e e
0° O =85.0o I v v v ©O

Oop O 0 & LI B | \ \

o a
p=|0 2 © xf B is dingonilizable, find o diagonal motrix D and inverribte mawix Q s Q'RQ:D
-1 1 3

®-) O (-]

Crly =\x3s -0\ =] o ., o = (a-a)r (®-3) =0 K=a (twice) =3
-1 %3
s © o
E)\‘— o o oo A SR A muﬁmwr=t(l,+l,,l.,l,)\l,,x,enj
1 -1t -1 ] o :sPnn‘l(\,\.u\\\\,ol\\ﬁ
dim (_Ea.) =
\ o o 0 \ &8 O Q | o © o
Es - o \ o] o l=zlo v o|o|:zfo1 ofo Solubion ser = )(0,0, ks )| tserf
- o L o
( f o o -\ © O 0 oo =8P0m1_(0|0|\\§
1, =0 dimn (E3) = 1
'L).=°

diagnatizable v

O
"
e o P
o W ©
o> 0 O
O
"
o
o



enism

"

Lny)




F|(‘) = ZL
‘FL (x)

= X+
TR =2 &'
Tloa, o) = (0 + 20, ,
1) s T invertible T
% $nd the Srondard  madix
( 2
™M =

B it yes, fipa T

T (6, o) = n™ [_:]

L]

'FI(F).()()) 7;'\\05~ = ﬂ(’(-ié) T

= (x+3)°
Fo{": identity = 1 —* function is invertible
-0 4+ m)
presentafion # T s javerkbe i M exists
= (00) - (X)) = In~) = SL -» N oeitrs s T s

) —
m-l_ \ \ 'l] E 3
Y .
5 3
-1 i 2w La -‘é‘az
T (M) = ’ 3 = :’ . = (fu-20, tu + So)
75| s 3%
Fad"- lets say T: T — R"
T:R" =~ R"

M, — Standord Mairix for T,

M, ™ Standard  Matrix

Find

i H=MIH;

SFandard  makrix

for T,

presentotion of T; 0 T,

invertibie



Q Ti:R* — r® T, R* » R? Fnd ToTo - > — &°

Tolo, 0.y = (w405, -au) Tolo,02) = (3u-0, , G+a) T, 0T, ' R* - R
(T‘OT;)(M.I;] = MM, [:‘] O L 3 -] ™ ] w © N
* -\ o v ) [P -3 0,
€rdmple :
ps )t ? a7 3at-tw s 3
o |
find  F(n)

fA) = 3R -6A + 3T,

= x(e-1) GM® = A(r-T)

Calelj ‘s Theorem :

0 o -0
B, ax wm, G (4) - (.A('*)-'*"+dn-.1\'_l+---+h0\+a.
° )
Axn
[} 0 2
R:lo 2 3
0 [ L}
o o
(r(a) s lamy - 8] G = (a-T,)(A-21s)(B-413) = ° o ©
\ o =2 °
= 6 o o

o
o R-2 -3
[ [ o’y

= (#-1))(w-2)(-4)



(-0 (2x8) -(us2) = ¥

1 2 y
R o= 1 5 (l) |

-1 =L b
-1 =2

find (13) - entry of A <

1{Caxe) - (61-2)] = 2[(1xe) - (-] + 4 [-rx) = ax-3] = ko



1o el 10823 fole[ Lash T8538 | P dimCe™y =4

2532 ™~ &, Qas
i 8 Oy dg e

Lo 12 6IBb] defd] b ufas- (28]

dim(‘Kh‘) = |15

m,'h,ag,ﬁ-h 0¢, G &P—I
dim (R™™) = nm

'Y -1
Q. i Lb €

2x2

is nol a sapspace o R

rwvince me  thet D
srowd ke on  ORGn  mabix

© for it 1o ke a  Subspace | thert
» U+ 0 g ks wk a swpoe , [oe) £
a[| 0] b[l 0] [o 4]] e
%
I o o 0 jtlo o it is fixed S0 cwmot be wriken as o span O Fnite numeers
of  mairices.

Pn = ser of all powypomials  of degree & 0

on* -NTx +¥ €P? Y 2:@r1 € Psl N

224 VT 6?,7_ yes
of  polunomi als

Span bF fimte | yjumver

5€ Py T yes
P; s a susspace betause ik & a

—® ihe orepn o polyromials ‘e just O .

GO & L) +» C(x*) =0

D 1ao+ Gk + Wx*| 60,0, €Y is o susspace

Q. conince wme thar
= i%(l) a0, (x +x‘)§ = spanil|l+x“

Regu 2
nxwm an



RSP | e G

Find dim (0) and  wite © a5 o Spen o basis

2
@ Do the wawinrion in e wspace o R

[‘oll‘] 4(\|1|0|\) [‘“ -,l]_" (GIR)) [::l—' (n8,1,3)

1 12 o | i 2] 0 | T T |
B T | o1\ 1) o | ! 2 Dim (0) =&
13 13 [ T Y o 0 0o o

Haais | = H° :} [| |” D < tpan | basis |

0. find o basis for km, Sy B, Such inor

T

- wnsder the wospace R
[RY
R R
)| - | -
— (‘l‘l\l‘) J | — (’ll_'|\||)
| | | I
| | | 1 | | | 1 \ ) 1
7= I T 6o O 2 2 0 1 O ©
o o 2 2
6 o o !
RivRy s By add 2 poinks o

moke e mamx ind- B =T[ll :] ,[Z ;][—‘\ :,

Q ©
(-2



Facr » Pr ¥ R"

as sUos PD\CCb

u
PH — R

Os0° ¢+ L1t s ML +ao e (A3, 01,04, 00)
22 —Br 48— (2,0,-0.16)

pri-ox + 1P+ e (1,18 -10,3)

Q- 0"1(“&*’&)13+d11‘-mt+m\ ﬂuh&l’\i Uvey in Py
® wmince we ot D s o swospae & Py and  Write S loasis
D= I b (13 ent) » oo (13 -n 4 I)T
= span 1 1% a4t kP -% 41§
—> jo oneck for independence ,  une e Wipace
E N

PEE I A — (v ,0.0) \'1 o0 | v ©O

. 1o -l ! © -l -l

—rxr = (Lol
R R IR, L jndependent

B:letenr , K-n i

Q. T:R™ — P
T [0 0 = (asau)x® + mk 4 ay
a Qy

O wnviace me tar T is o L-T-
o [/ TR T
©® find o matices in R sun mar T[a. G| ¥ -11r3

0y
@ fiod () sun et T [ @ ]c 0x’+ oxs o =6

— find the ©-lincar  frangformetion
R" — R?

Leaio 0y au) = (G+0y ) &y Oy)



Q' T- P; '_‘Rz

Tl + ot v ae) = (G vai+00 s O )

O T \T? yes because

lincor  omanation
® Find e w-mawx  prsentaron of T ® s T invertile ?
3 3
R — R T is inverhible iF M is merbible  iF Ll ivertiole
Lt 0u 80) = (Mta 380 G 4 Go) fina N
™ O O [ I o o '\ 06 1]t =1 o
| \ \ ot 0o ! O o | o|loe ' ©
o \ o o ¢ | 0o © O t|o o 1
(o] Q | Rit Ry Ry "Ryt R K
I oo [ I | ¢— L is inverkble
o (0O o I o
® Fnd T © 61 | o &
O [ o R
L E M a Slo M) (V]
Qo o o ]|

e (0-00 -0, U, , &)

T (o, ae) = (@-6=t)x” 4 0N 4 0o
T7(0) =

= ontrx = x

Regult :

AsStume O 18 0 Suospace and  Dim (D) £ ® , +hen the fo\luw’aﬂj must  hold :
-I--“orevcl'\& 6,5 €D , a+b &€ 0D.
+ for every ¢ ©MR ond 0 €D, Ca € D.



[a+ b a ]
O Convince me that D’I

a ol

o b € fK§

{Z Z] £o bewuse i azb:0 [0 o]

s nor a SubsSpac

o

Q. wwinte me +Hai D - IH € R™ |1 =°K B nt & wospace of R

Lon 3xs mameey wnee IRL=0 ( inbinitery mony

6 & ° ep , ©we 't UE His {0 (onvince
o 0 O
o o o

it a.b ED , 0t 6D

1o ©O 0 00
lers rake a:|, ,01 belo oo , b 60?2 o+ LOO1 g gD
o0o © ol c0|
dr: O QED  det=0  DED

der - 14

Q- o= Loy e Palsm=o o R"”’] Show that D is no- o subspace
-F|(7~) = X €D

— £ -0
L) =1-0 6D -» fw=0
fs=h +F0 = D > Fo)# 0 f(n#0
3
21l 1
Q- Show O - 1"\ € R \“ = A& is o 3ubspace
® a0 -0 . b s-b —= AT:--nA
(a4 b)T= 0 a b’ 2-a-6 = - (aib)
® ek a€p d CE&R , snow Ca€D
((‘_u)T - ca' - -Ca €D
OR D - o 0 ay 0 -0 -&
B O |fa oy | [.qy -y

D= fﬂt) € P3| Ho) =0 ond R')=°] ¢ Show that D is a subspace and Find dim (D)
D—-T_ h;1‘+m1+l\o\ fe) = 0n =0 ond &(I\‘ﬂ;ta.;o-oj

p:Jurx’ -2l 0emr? = fa (-1 hersy

= gpen 1 x-1{ Dim (0) = 1.



v 2] 2, T2 4] Rmesr [3 07 rerear, [3 o

Q‘ 3 0 —~~ 3 o ~—~— 2y T —~—— 3 b
! i +

A Es 11} Ei 8

find 3 elementary  maices E, B, Es e+ EEER-B

Uply e W OperdRioNs  tn  identity  makvx

S A T

[ | [} (oI | 1 © o 1 ) D))
R 2R
Q- welogr 1 of BT% Voo /\!J R
1y o 3 ' T Y 2 2 0 -0
£ £ B8
Find ciementany wowices EE, R =B
L0 o o 1 O
o ! 0 \ 0 O A B
O 0 -, o 0
Dot Product over R o
(Wlﬂz,.-.)dh)'(‘ﬂ, bz, ~--.l’:n) = by + 0zb2 + ... 3 Onbn
Def- lek Q. @, ... Qn € R"
> we sy Oi... Qe are brhogonal i Q; « Qp =0
iL# K

@ (onvince we i(\.L\.(n.H\} is 0 basis fo R®

12
0k

] = independent 5 p2 . soan 10n2), () ]



Week 1Y

@- D= span T(u.sn) ! (-!h\.\)x , dim o) 2 , find an Orthogonal  basis of D

%ﬂm-&wdﬂf aiiwifhm O- ib.. w, | uhere w= Q = (,2.01)
w . Qu - Q_li: Q.
o theeck — W - w, = 0 ‘0\\

__|I____2 14
= (1) - C(,2,1)

=CGnn) - (50 301)

3
CChoy )
Gram- Somiaitr  lgorithm
O’— lel oo WKi where Wm = Om ~ Om W, W( L Ome. WJ. — I
lhh‘ \NL\;
Wy = Q; L 05 W w, - QsWa ),
|HI’L \NL“
Repuy - iF Q. 0:,..,Qc ae non-2er0 poinks in R and Orthogonal  then @, ... , Qe are independent

* ndependent  docsS  Wok  imply  Orthodena) .



D:SPmI PEnErRy .
L inner. product on polynowiials | > Kby b > = JIF-F; dx
”

29t £ s o ptynomial , 1F) = J‘5 F oo

Q- 0« spon 1rovrarf P, fd e ofhoqona)  basis

Ws:h =1 :
d i
Wz=h'£ =(l'n\-Ml .-_x‘n-_'-,;_ : % - )
ot Jva v 3
0s 13t | —s o frat gt
Q. D-swni'- 0 x%f “Gues™ w s, imer pwducr on D is defined <k, P> - S"'h“
find  the orinoqoral besis , O
0=1"‘\1N1."‘;‘
N|=4,-x‘
Jw$ te .
welb- 20" w, e %04 ) e |8 |, e
Lwi\* !l‘ﬂ ’l
Sw 4 Turt 12t a 5
u)=h"Ll hh.-'|1 u.:x‘_‘t‘.x‘-lt=x"—i—
Yu® bwit* .j 1" dy * sl
O'Ix. - %1,1"-%1‘-2—1(
(v s, =) 1 tomed O vecrorspace if
N nere exisys %y €V, x+y €V
2) there exists ¢ &€ R oand x € N , (x €N
eV

ikl O 0 +X = X+0 = X, there exivks X

3) zero element n NV, cal ’

H) there eists X €NV | then —-% € N .

5 for evey L, G &R nd X €V, (a+)X = GX + X

€) for evey L, a e R ond X €N, CGGIx = Glax)

D forowy C€R, Xiy EV, Clxsy) = Cx + Cy



3,10)
( % find the area

v Vo God v, Should Wave  4ve  Same  whal  poind

Nes (Bxoayy = (3G w-2) = (a8)

vy = (Bw, ByY s (3-0, 02 = (b o -1)
(12) (31) asiufe Value
18 Sl
Brea = |,.-,| 2%l g5

1
2



