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domain of T. sty Tz, 2s.%a) = B VAT R e 8
% B Ffor  what volwmes of ab  there uwnll be no1ao;nt (2., =5, %) lin_ Fhe
| domain ef T st T{xy,7x2,%3) = (4-10,¢) whede. JC @ RE
@ For  what voles of a,b there will be inkaitely | meny poink ,
e O s TR TIG e Iy (S T O s 8 T LW U {(4/10,¢ ) where ceR?.’

@) T. R — R

T, Xa Zew, 2n ). = { Boci ~2=., 3x3, -y ) Yusoissisld
=4 T(y,0,0,0) =(4.,0.0,0) = 4(u0,0,0)
— .
5!‘0.0 value
| El} > ei"m Space cnn"espond to the eiqen vatlue Y.
| el ¢
| Subspoce of the domain (here RY)
E;‘ —— Smn {L‘, 0:0;0)} 3 ] v da
] 5 .

also, other O-it}cn ‘volues are @®*-2 , X=3 aqg X= -1
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[Q] [_I 2 32 Find all eigen values «f A. RS
= &
A = s For _each egen value of A, say &
0 0 [ Find Ex .

\3ni  Find real aumber say &
] 2 B

SQ}} Q = (:x.,x,,a:.;) + (01 0,0)

such that ' there exis? afl_e_oq_st_?pg_g’ginf, ,,F!\,?)a_»_,,

such thot [ i T, RO
Al s
e €3 5 0( =z, 28 v
x3 z, ’

~ Tools needed t find eigen volues : . :
J

Detferminant = ,f_’.,, T tathohe
&5 €l ¥ 2 B 1
e |
2wl Find 1A] . 3 :

1 2 '3 (:.'.‘L.’“;v |

= 3

we chose 1°F column :

|

i

Choote any row or ony colurno (recommended , we cthose “the one that has more z_g_vo.s%
1 |

!

{

!

i

?

|

T T T I B T
Tve o
2 CI 2 G y o\
. [eney - @] + 2[5”“‘*‘*’““"1 ¥ 1[’;*“] s & L
2 22+ ~H0 ¥ 3
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AT et A o A it ilnG

T e e o

TN il et o et S - e
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The effect of row ofemlipn on Al (determinanl)

Expiain_by doing an example :
4 &= g )

r 1 2 3 28, + ﬂa e~ ﬁt I« 2 3

; A = = 2E0 5 B +R; = Ra it ‘B\ = det (B) = ‘m= &t(ﬂ)
o2 10 0 o 12 = (neYz) = 78
i
Fesulk:* Lot A M_m_ Triomaudor Matrix. § | Inomisrnded  fwadn aliad
= 3
1 Then 1A - mul'\'i?\ig;km of Ml aumbers on  the main é,m}“d chig b
‘ < . -
Def: A o frianqular moca # & hsone of the foltowing Forms :

8 Lower *ﬁmgk :

®  Upper iriangle

i

R DS
- . ¥ Lipd
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e U Smm—— > ey B IR R SR TSOSe—— N ——
o L] - . ™
- l...'
Q. B LA R - - IR S LR L
: |

4y -2 6

Find 1AL
I g, gamy A B el
;  ER o Dol " 2R, + B; = R; 4o Qs 16, el = 18l ',‘Elm S
B e A R R
25 lB\=_lqll\1 SR 1 By + Ry Ry
=50 1o Rios B »V,LO,;,.J,. -
Qi B e—-r-——' "|“or-|o :
o o -3 Akl o SRk oY A
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{
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1 _&a BQ“"‘ A and B are axn maftrices
© IABI = IAIIBIS T, e A7 = [181]"
“l;!Rt--l“ e
e e i
mtimes .;
® |«xA = o Al |
;
' T , ~ 1
@ A=Al  tronspose |
AT Z 4 et of A : 7%

2% atwmn ot B | °

.
N
.

mhocoluem of R|




Small _result but  useful : 5 ' |

* To = '.d_mﬁ’h malrix Nxm B Sot :

1s = | 00 L » 10900 {

o lo o100

ooll oo 1.0

o ool

whenever mulliplication s e then JaB "B ond Bla=B
i ﬁ"—"‘aﬂ »

b g e
A -[5 = A xs R. o TR |
< 4 - ' S ‘”5
3:.?_:::.5 3-; 3 i ;
legal | b o :
Ll i i L ol o

=

. tq|)- e lmy ﬁ*ﬁ? i
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*__we conclude  [*To -Al =0

"
5'.' Hoasdy
Q- A = i 21 ;
o n
ZX2
Find oll gﬂ en values «f A. A
R:  set I(L-RI=0 . Selve for & .
o) = ineal = {J<E] Y
: 'ﬁ] v?‘_‘l T

PSS

“&‘%ID Addeies

APv =

ot e
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chﬂti(hq

wWe.  Kaoowa 2 *N'L’s

_Eeml“ o g ang;}cn value of A.

o ‘KlaA'Al =0

Ly

® J o non-zem point Q i R" . (8, -, 0n) asuen  that
: 2 iad [ 0]
XTo~ ALY b i 4 B
R hie: % ;GJ
v e A
X
A= G e by )
el RN 3 s by
2 -4 -5 :

P C—




we those 3™ row Yo Find the determinant ¢

|
Y il we S L Ene [ o =
| ‘ A '5| | 2 -1
-x | -5« +|0.-.+G] X x? - o ’3“‘} =0
| , - :
54* ~lex + o - 6x* +10x=0

R : : ‘,0(3 4 q.ll-_g“ =00y , ;

| Sy 3y x (x*-n-61=0

®x (a-3)(x+2) =0
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A e d
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S AJ”-‘_‘_* Aot ettt e
“thg, + R — R J
@ o 7 |0 .1 ;
. i i
o @ ¥sl|o| 5 |
o o o |0 .5
) g g
i
Bead ! - .
&, o+ 7?‘0 Q3 = Q R a, = -'E Qs
oy + %503 =0 —_— Q, = “¥50a 3

8 =0 — 0 =0 az € R
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; Hondal ek
< i .
x ALis } &
o e
=4 Q -T2
; e
i Def s N;ﬂ;l_(ﬂ) is the solution set ko the Mo(}gﬂ&\-\s s\j sterm
i 2 A :: =14 A ;
Sy X 2y L 0 |
{

= dim (nwCA)

Def : (Gﬂly fc nan melrin) 1 M

,,ﬁ)mn, we g_m} ﬁ iS5 non-: W(Im@*‘!’x&lﬂ L 3 o moinx,
demoted by A




I
{
|
|

I
{
, 2 R j
o - v—

rqulo—-’ !2}0|1 [

'mu’ﬁté,
_'2,01 frietse zalaﬂ]-—-—'—*
A Ty 2 e

Mw}pﬂxﬂmact T on the left side (€

£z is - ible .
BA = | 2 Believe it or oot
0 o but the urit:.im}_ A
ty_lﬁr-lied with B in this order o
W %u&
Result :  [AIB] —— [DIE] 4hen EA=D
e e
v XTI (AW o S5 ) L1 S5




e e

- Al =18l =1l =1 Tsl=1 (ke He prev «P.eshon) dre TN
\

e g

Know : AR' = Ta

o 1 An) e B

i -....“v....--‘_J oo

{aAY = 1Tal

= 1 t 1 ¢

IR[1AT' =

"t e

18]

bl

Solve the system A
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—— s . 1 e A SR -
S p———— e e SRS SRR e s s R
RUS— g TSRS g e W3 St A s . A e SNl . S

Know s A B are imetidre nsn Theo . :
(“5’ AR J_w,..n.:,u.h.h_m.d_gf'“""i

i - not . S a——— Py i
i Alse « it Cu nam ond O s anan | b b & kil
; ¢ T T Y G £ ,
| e ben (CDIEASE 5 oo -
| e ;
| Opeciol_cose . For 242 malrix : Salrems | ; a4
|
bl _°,§_ 1AL # 0 ,
e L T Sratae i S AR
S - e B e A R i ‘
A S S ) kb z | d “’ ';
W e o |
| L :
Q VMR Al
i — — - R — a '
|m = (3)0) - ('H(‘n " - eI ‘

o : <, -2 3 Y v ’

_l_{_g;w t I A nxm and B = nxm, o St
(axB)’ = ATS\%&‘ Rbk (s . s Faks Mlagt” ol T8

——r e - - - b o

(AT)T % a , ‘ o . . _ 7 &




i
g &
R -
Q.- A‘ 2*2 H :".1!!:‘: .
|
/ o B 2
[A ]2 s o i
\ g 4 } -1 |
X 7 3 i
Fing A. :
0 Tﬁmgm on_both sides
‘5‘ A { 1 -2 ‘1 2 = ‘ =
B Wi Lo Ch
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gt~ &

SRS

Al =0 then A exists. g

¥ Yl Y
| A\

A, axa, A" exists . S AT

‘how: (A")"” = (R-‘T- 7 : A W 3

Know: A. nxn, pesume A hos M‘*womgﬁsg__m.gm_____,
Thea 1Al =0 ;b e et il : 3
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when A, nzxn, !ﬂ “ constant

-

\Al =0 fen —> consistent with

infoitely many solulons

has no soluhon, Wncensistent

EE PN S,

Midterm doubf :

A, 4xh
15t

4 e tume . column




i
|

“ei‘\ﬂ' * Assume Q.,....Qa_ arce {nknh a t A ! L o }
e i __5_]59 Qi, Qa, ....Qn  are g_\.dwlﬁ S
Q] X
Q ¢ 0
L Qn ; )
A, HxY ~ :
Catw) = | aI, - 4] Characteristic polynomial (chae)
{ I . r
Tt should be clear A, nsn, = 4o (Ca)) =n
(] |
Calrl = (ooay (o eB)N, o Lol i oinlhcanetine i odbe i gl




i A Yeom  lefh ¢ s fleasl ‘
4 Tl Y !
l Gn] . Qn._ '
{
l |
11‘\ o g , _= of B ‘ oy
- - ‘ﬁE | o ;
_Cel Piemangisg sisinslopmedd 3
b i iml . o lad
BT
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li :
i io 8 (0] ‘

6 e -

]
*i-

3 o .

? £ 34
B 0 0 0 :
A |¢ NILGE T e
9 _36
ngcc. (n) s A_ must  be naxn. ' ;
. . : . ] ‘

8 Tracetn)
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1 o TRV = (-0 (3)ENR)(-4) = -0

since 1Al #0 | A s inverbible r

W) Find  the zic:en volues of the  wverte o

e e Cepeated Lixsvee |
: ,

K:‘.‘ d "'
ol B AP )

U 23 54

rtfgotei anNcte
S AT T ars

P ~) ,T?orcc (AY) = T el R T e e R e e X i =5/

E - - —

o) By (with recpect te A1) = Ey lwith reipect o A)

=

A ® B Q eE; , §'% (5,0,....0 % ik




|
|
s Ve i LR PN B Wik - e SN S, (e A o
| fiise=d,
!
e/t SR et —— ~ - — R —————
‘ P SRR :
| _QL'.___i?,’fs
| S Sl Bt Y S 2 £ o
| Sl e A =8 l)” RN ) geaenieBonion
| , o R A R o' F 3 AP AR LI BB e D
i g Bz 2R 4 SAUGENTRS B o
‘ ___.___§:,.3f_3,_ B R e W o . S e L
—Oedidg 8L - = L
W Find Trace (B) e R L,
Hrow :
« & & an eiqen value of A
+ o AT L
. ff_‘ is an  eiqen volue of A"
et :
. 0(_“_ is on elqen valwe of AP I'
3
48 7 1y consh;nt,_in s an eiﬂ\ volue ot CA. ¢
o5 6% i
) g1 += 28 *IsAY] - 4Ta]

® What are the eigen valmer of A7
v

o = l'\ (tm(cts and of=-Y
Qe E, | Q= (900

AQT = 4Q"

BQT = [2A* +5A” - T,

QT + 5QTAY - 4QT I,

20°Q" + 5(4)QT - 47

= 32Q" 4+ 5/4QT - 4QT

o R )

. (824 5m -4)QT

—
eiqen volue of B

5 o r«m \ fwice

S

B o B 2 4 5(M) -4 = 2925  this is an eigen value. of B!
LS ; d ¥
For X =% AN +5(-%) - 2 2698 e is _on eiqen volue o B!
ol 1 !

IB) = (298)(29-28)(26-75) =  2233¢ 30

'\L:Ftﬁd onee

@) Trace of 8 = B35-25




e —————

Dg‘go '-.ﬂv nﬂn J 2

Q-IAQ = D which s also A = GDQ.'

this _means @ exigts 4 10 *0 (when we gay invertible) :
J |




on 2 : ?
3 - ! .
o ko 2s20ia) meeid N Irppepmrende P e Y
1 o 1
‘._ . T - - °
195200V Y sspieal pvegs
5

-

—CRamer can be weed only on/when scwing eystem of Laeas egaabions Axn.

where.  the &‘bﬂ'ﬂ:\nm‘ of “\g m«‘-“ﬂt ml.'\',‘ ¢+ 0
Ico-cff matrixl # O )

il v

=Xy + 2% - 23 =0

|

-, t 524 + Axy =2

22 + 42 +10xs =10

| coett mokixl = (A o
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QAn

A = . y
oy Ona -+ Omn
e nxn
* _—

i 3 s :
‘ ‘E’iﬁm‘\' 2oaf AR =08 Cwu Cit ... Can

S 0-:‘ .-+ €nn | Lof

; axa

Fwl e ‘ A
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| SUNNSRVEION SECE—

G . e ch e - ——— -
- I - e

j

______ g S S, Q\aiq‘

=X S Rishe =R 0\\5 1Al = 2x9xQ = 162

SRS S Sy

't TR B+ Bs - By o &

Find |A ober aa 59 g 4 24¢C| b ‘

| R 4R l = (R -G = 10

SQ,S) gnh-'y af A-‘ v = 0% ("W( 10) e %, 5

i 162 81

. a N
Result :  Ascume Cal@) = (o-" (a-92) .. («-ay) .

0< Im(EY &
‘. 7/

/ g:,r !v;’c.ry /5' aly

-

Know :

Qs




P B Lo J/‘"‘

Q. & 5x5, Cale) = (- B\é(ms)é(x-s)&

E‘ = 59@“ ;(‘)‘I\; "‘) g ("l‘lh‘ll)‘t d{m(E" bd 2 =na .
T = T

2% N2 i

J

E-s = span § ey, (“:'h‘l.\;‘)f dim (E-5)
SIS S

E‘L ;= sfm %L (0;0/0101 |)} dim (E‘) =1 =m
A

ﬂg'n't can c.l\uﬂaf.

I can pPut the

order on the ulje.l%ugﬁl‘
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One bic}! c%ues’ﬁon from scratch :

If A is diagnouzable . Find a diagonal
J

matrix D { an inyerhible mc_\[ri}”(_)_.
1

such that Q'AQ =0

Cated = lxT;-Al = -2 0 0 = («-2)*(«-3)
Q. WA -0
-\ o-3

lower fonqular

sSet

(x-2)2(x-3) = O

K= 2 (twice)

=3

(once)

Ea = oowlin set  of e homogenusr agsbem = {[21;-!-\“: O 0 o |o
. : ahe o
READ! X = Xax®s® x, xs €R by,
S sek % % { et 237 X2, %) | Tz ev,"(
= L;x,,u,l,o), x,(\,b,t)} ;
E siggniu,\.o). u,o,ni :
dim (Ex) = 2
£..= IBE-RIOL = {1 o % Ay +RyRy o 0|0
TR S AL e e G
L= R o = ol O
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!
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el
bl

et T2 R

m

be

a lunear transformalion.

ane=te- tac

3 R

and |

is

on

is momhtsm '('

tver Yiple _.(E n=m
\.qonfo

_dim ((domain) = QJL(Kg-me) + dim (Rero)

+ 0

H Aprﬂ 222

Q. T B e Yt i After Beeak

T (&, a2 037‘ (a,, az, 03)

,
} identity linear
+

*ransformation :

T 08l 0B 0 f Sua's HHE s b

a ® - )
13 £ 3 v - .
x =

SMP_: standard molrix_presentation e & X

: S A
B o R o gl T L s ﬁ‘
——— e — i e Y =T = e = = =




;]"-,R"-:—'R'

T(a:,a1) = (a: + 20a, -Ql*’h'ﬂ_ ancther woy

-—

Tla.a2) = [ *ﬂ“'\

| Yo wwite T

\-! \ 1[«]

d Te T invertible ?

Aos: 9 Find  the standard _maltrix re.p_ ; ;._c,ﬁ}g- hon of T .

. e O Qr
i S Malk 4 M " 1 2 |
1 | T Ll ri ) : B
i _® ' is wwerhble ff M7' exisls . ul
e T T o e — e — ?
4 e S e R T - 4 33 s
 ENE e S W&hﬂ} X : &




Fact : T. R" —R"
Tz:R“-——»ﬂ"

r My — otandard malrix for T,

t’ dim(codomain) X dim(domain) . (%

+

L’mxn_

L

eMH2 — etd matrw for o v i

I

nx¥k

'Q"_ Fina the standard 0 motrix ‘g(‘escnfo*ion of
A: M= MM, : ! 1 o2 % s O e gi'-j.. ‘ v_--.‘-"

Vo nxk
e

g > '
= - ~g— —

Fack: Tio s Rap 3 Ra i Eeing e e B VS 2N

thhwaﬁ;\ 3! (’Q“'f'o’h "a‘) S Tt i S dlagely % . W ook i

s e B o L3l LA g




o 1t a0

&%)
vo

PP EOR— | LA.- ST NPUR———

o3

—————

.

XY o= Bk fip P . -

a st

ol

Find F(AL & ,
R ttm = :'33'?-‘_2 “-l-‘}‘ = undefined

debinaidiaiBitston
b

aY
’ N = 54

RS ORE LT : 2x2 ax2

Aha e
oY
{




e ot Ry

’,

Cal) = ldL-A[ = X -2 = a«lt-1)

A4 -~ g 4 pe . 1 e “1

f

we ‘wdl %"N" Y& and' substiufe & with A and T. wh 8

(@)
>
o
»
—
Ll

o z.\f-l z] v . Faie. . iz |
lo|”_o °, ST T .5 ]
T e[S
e Dy

v ,!
- =7 i e

ey




P o I

ad

(a-1) (x-2) (=*-1)

1
R
|
’1 -
o
»
i
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e A s Tl sl g Y e LEESEEN
el By T SRR P ;




= (- %

21 45

| Al

Al =

prot  ad ww operakion =

oy . A RTROD R o4 MMLX -
L ﬁ.- + ﬁ; "-’ H‘l Q.5 Q o 3 3 '}r
) 4 s :
; 'A‘ :15.‘ = qo "‘ i+ { § 5 Tk g 4 AR 3.3 it - i
ELpmte b é ‘ bz 3 ¢ . § :

- o

sen B s




Rmm ¢ the set of all malrices

'd

2x3 3
R - [ Q, a, Qs Q, Oy, Qs, ... Q¢ € B

4
|
Qy Qs Q¢ ]{

~

"

a, {' 0 0] + QO ’-0 IO] + ... 4+ Q¢ [9_3,9,]_,‘,__0'%::- ‘-“bcﬁ

Lo oo 000 |00

~ : 2 AP TSt S —_
= Spon 2 [ IOO] 4 [0 '0] I e € [O 0 9_ Sy S, i TR S R
‘ Looo] "[ooo]” o0t
% - ‘ s DAY P . T 1 P
Rz:‘z il 5 0 | 0 0o fo o‘[
= Span 09 s 100l 7 L 93, o 1 -
{ - L o : 4 2
ex:  {Urite ‘—5 7] s o span of R™ g -
a2
5[10]+7 Q. #1009 s+ 2f 00O
[o o 0 o
Note :
Ch I 0 + Cq 01 +C3 +C'H 9 O =
0 O 0 | (s R |

-Ca 0 + 0‘(4 + 0 0 + 00

1
(e o

o 0

e e S I— e

L)

&

"
o




Lo e i g
| _Mote r:- .. dim (RPIT)1iE AMOIEE GeRu e R S
e R R e S
@ D = ffove -1 {-snbé,ﬁ P AL PR o e -
RS TR S, __0-__?J — = 3 - Wi
b D "hves” wside g R S P A
| Convince me. thal O is ot o  subspace of AL Ry 3 kSl
| p: [0 o] ‘ it
\ 0 O] does not bdonl} in D ($D) 1A = otell

1 Hence D ic not a 5ub§focc- B,

another woxy
¥

c ' el

Dosuahat lelfian. b 4ot o0d et 9

O|J 0 o 0 9 |

-2
- - - -

"
4

{ B

~ D #+ 5{>r_\n i fiote # of mo‘n‘cesf

Pro= et orauip i ith leque 40
get o fﬂam&&&mh‘:ﬂw

p3 = i At 4+ Q% + G IQ,;%,QOQR? = Span i le
. I b L

['J'L 56&?:[:5

— Ts 2x +{3 e B7 yes! -
1

> T, 6xt - Tx 4+ W B ? yes TN
- ' .
B :
Soace & o | Y R T | Ly S £
% 't 4 3 = Iy ot ! gt :




&+ e v e = O ol ;";'j,

if Co.c,C; =0 then inchcnden"
|
becawe

1ce + Cix + Cax® = 0+ 0= 3 0x?

H']m CO:O A C|=0, Clzo

— P‘ = San i x,'x’*,xs’f
v

Nete : dlm(Pn) =)

Convince me that D = { Qo + 0, X +0aX" | Q0,Q:,02 GR} i a
L J

A: { ae (1) + a, [a:.«rac‘]}

C 4 R

= 5pon§ \, x+x*} it is a subspace .
| L ] ¢

IR PRSI ——

Note :
nxM - R
B ~ ﬂ *hei ore the some as subspaces / vectorspaces
isomenphic ¥ > X
ex : R::ﬂ = :ﬁl‘
[ | BT 4 ] 2 Q, 2rall'l)
[54]
ex: R**?  — g" they are the same.
a, 9 Qs Qa .1
a ac 9, —— (Q,ay, - 0a)
L% oy o o
Note - Tt the points ae independeat , then the matrices ore independent .
L the poicls are dcpendent, then fthe makrices are spehdat. . .

e e e TP

—
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L e A Y ol e Gl

R A AR
ey ﬂwj SRR

e e R R

Find am(D). WriYe it ag a span of bosis.
o '

2
A) Do 1the colenlobion @ the co-space ot R
1

[ i ] waais & e B, 1) G

l0|_| RY

glu
3
34 s\ — (‘\l‘\l\:\) i
e e ,
L3 PRIy o AvE ST ) !
=3 :
i
w b
now 1 2 ai @ +ARz2— Rz | A e g | Maidhi 2. Qf‘
- —&,+R,-s?\3
“' - ' ' B+ Rz—= Rz ' 0 ’ l 2 —_—) o ‘ ‘{2
IE ¥2 !
e TS G, 5\ R o{ "~
)
i
|

now we hnow Hl the fisk  two matrices are  independent but the lasy
g 1

Vis Je?zﬂdeﬂ"-
dim(0) = 2
basis for D = }[‘ ;‘] '{“’: % 7 or any of 4 flnaa g -Io l]L
e S e e equivaleat B R 2]}
f“ : :
= b ‘.;
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)

Q: Find o basis $oc R

such that

_ soy B
I

(] [=v -] c B,

Lhal i

]

*

dimy A B2EY =

which  means you have Yo que me R 'lnc\cgendmt mah-ices , each
L J i

At consider

the

Co-Space R
1

o B SR

ax2.

R‘I

(a0 MeY)

R4

Hhen

RitRa> ag

5

v

add the other leaders




FQC&'.=< Pn = Hn

ey ofe isomeiphic as subspaces
L4 L8

Q,:‘?q—rq,.x"{-axq—qo e ——— (Qs,Qx,Ql,a')

e: 2% —10x + 15— (2,0.-10,15)

ks 3x? -~ |0x + o3 + 2 «—— (1,13,-10,2)

Q: D = il (Qz +q.) o Q. X* — Q¢ + q Q. ,Qz Qﬁ}
! !

D “lves” in Py

® Convince me that D is a subspace of P-\ >
A

facter D :

D = { Az (1.34-3(.‘) +‘0|(3’-’-7—+|) IQ|IQt Gvﬁi
J

(

= _span $(x2ax), (oc’—x*l)?
R )

) Find the basis for Ru

Te cheer for macfcnd_gat, we Wusc il!g, (o-space ﬁq.

X3 e bl it i 11,3,0.0)

XP—x +| «—» €1, 0; +4A)

A in makix . ,
fapnncon ] oheErbe, 10 g ol
llo-l l] LO'I 'l\l :

Bvrwstqrbg ! (1, 1.,0,0) and L5, 8, L% a1 :

B= | terxy, (x|
- 3

—

e hid




fr

!
1

|
A
o
|

!
|

|

I8 Apr} 2022
iy R e o3t
B E il Ra—R? T T e O et
_ Tlex*+axsa) = (e+ara, a,a) ALl
I T o lnear komshemohen ? yee 0 SRR :
% Find the co-matrix ?rcocntgbon & T & R oG I
A LR — R o WP
L ez, o, as) = (on.+ou+oo,0-z°o) 2 B Tdguse Tk WY PR

The to-malx rq:«-u&nbﬁon of T
1

s the mc*ﬁxagrtbcn*a\“on of L.’

Qa Q, Q. L ORSERTCS VeSS TR S
M = \ | | cach point is a row | S
o | 0 L
Fan 190 iy :
ERTS I nverhtle 0
iLE i walech R\ iff M s lavertible .
How do we %ind 4he inese & M? iy
" -
[ O 1 00 L 0 T S
o (D o | Q Fa+h R o olo 1 ©
PG 81 L g o Mo a i
‘ﬂ;#ﬂ.""ﬁg‘
since L e avechible, T is [ bleodii -iendd
inver Fible Becdinfod 90l O
§oo 0o A B W - RO
. by
L : :‘.-';;“._.‘0 N




£ Fnd 15T : \

when you ‘UNverse o tunchon k.

L IR S Ra the domam bewmes the wdomam 4 e
Lo, as,a3) = M"—T] TR el bt iass Yhe dbmc\\'h.:““._ ¥
SR
o ey a, | e S5 shik
o \ Q (s %) \
FRR R Q!]

L

e (0|—01—303, Qz, C\a‘

now 17': ﬁs = P3

e La o o8 o (nil o, ~0)ax® & Qi 4 Op

ESEEas v T L gt P DY ot age O 26

¥ What are the Z(M 7?7 QO .

Dim (Rongqe) + Dim (z7M) = aim (doman)

when  wwerhible it has to be onhs * one-Yo-one

2 .

Resulr (Wnow) ©

A \inear *ml-‘rn‘a\ion ¥ is one - to -one ;':L LA = i 0 -element }

aebﬂﬁ's 'Aiém D is o subsgpace and the d&im (D) < o

L e ‘auamnqru«, equuvelert :

D} \‘q,b €D, arb e O closed under acdition

N Y ceR and 0 eD | coaeD osed wader  scalr  mulkip

)
:
!

|
|

‘.woo,h'm
)
!
]




— e g

B et o e o S G Tl (6 bt
l[ a QMJ \
lo o] ¢0 Shae
o ol
* O s oot o suospace .
1
Q e { s L e ' IA_F—{L}
L I ¥ ]
Convinee _me that D is not o subspace  of Ra“-
1
fow use the new delénibons o the subspae 1o prove so.
{ t
lebs  omye Yo,b €D , a*xb €D 35 ot brue
L
it e e b=| © o o]
2N B O o ©
L B0 o 80 | Bsa 4
\ -
lal =0 bl=0
a D ~beD
Mow ao+b = [ PR
2 Sk, A
Tl o L 5 Rk
lasb)l = A
o+b ¢ D 4
20 8 @ag@;’g&.
WAt v 2 -
'_! -
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| Q\ D = {‘F(z—) = Pa l RQ):O - ¥(|)=07 O ‘“Uwves” aside R

L J

Show D is not a SubSquce,.

gi(‘x’\ = X Lves @ D7 yes 9;(1)60 becanse {(‘»’ o s
ey = 0\ = s oo - D2 ves f.(x) €D becarwsre fL1) = O
now ) + Falx) = x¥l- = 1 o A e
Gey=1 ¢ O

becauwse tato)y =+ 0 ancl F,;(l) #+. 0

The. oxxiom  closed wnder addiion failed.

~ D is not o subspace.
\

@ p- AR AT=—A1
} |

Show D ie o subspace.
i ¢

Sotsttien ©  Show both 1 Llosure under addihon

2. closure under Scaar mu\\'.%L\iuﬁion

Rk et D

shew a+b G-D

o = +a ) because a®

tive ta O

e %aaod

. 2

.‘,.'Fb)-' = o b = -0 « _'b', o 5 (ﬂ*b}

(s

i .

® L acO ad cER. Shw caeD




]
BRSSP 9 e ML ANSIETE L A B = G - PelAER A

now r

Fand dim (D).

dim(0Y= 1 gy i




Q) D=]ix)ep | f0=0 am f:0]
L ¥
Show O is a juba‘:oce.. R

Find dim (D) . - At S

S s z lex +ax +ae I f(0)= Q= O % fQ0) = Qa +Q, + Qg = 0_}» g7 ]
l ]
F(x)

we  conclude Qe=0 4 a, :-aa

D * § Qipchl = G ad J Qz ER} iU,
t 3 ) TR oy -
g Z o (x*-2) | aa e R } -—:_ _:: :
§ J
| D - span § xt-w | mi il
’ | L J i \
H 2 ‘; ‘
® dim(®Y = 1 [ ‘
: | 2 26, " 2 Yy R'"“_i; (3 O] 2&*5.:!. ,-3 0-‘ i ::
el U 2 « le o] |
; s s |

~ Fiad 3 elemenfary watrices E. €, Bz sucn et EEEA=B

E i ivig 1ol S o o G 1 I
1 gi ‘
(o) \ o._E ‘
- .
| L | s ol
B =y Qe is the Yow oferulion R, <&, }; Ed i
- f N
1o : i’“
t % "
E. = e R XN i w 29,4 Ry = fa l
G - X ’ 4
2 ¢ : !
| T S Uil
B ? .




- y—e—

fé |
| _o) 70 o e L
' o IS
| A = A S ol a0 oo o i R
l & s Prass D Buiels b adl 0 -2f, iy A
B A A ke A0 R A "2 0O
e...__
Find €lemenfary malrices Ei Ex  suen that  EiE:A = B A T
3 L
E, = i 0.0 4 aote : they are 323 motnces ;
S S ) -28, cuin Wough B i 3x4, Fhat '..;
7
(6 il o g - because (£ S (n omqwn  an ;
idenfity malna )& muliplicokon 'u;
’ oo 1
Ea = 2 4 2 ) minl e I 5% DlGitzii t. ~lends Y i
: |
G oin ? Fe s ! |
0 6. l
Dol‘ Pfodut‘ oNer ﬂn o
(G. e GRa O Y e (b ,~--,bn) 3 by + Qiba + - 4+ qaba € R st
Def: Let Qi Qa...9m ER".
we soy Q. B, ... 8m are ortheqomal iff Qi * Qu = O o hee i*k
3 J =

@) Convince me i(ha).(o,u)j is o bosis fe R:.

'

[

]

r = 1)
J —> both {adependent fiad matvix, prove  they arc v'.-\det:-i«\*
£ ! :
o, 8
R* = span (‘l");(ﬂr'\“
| A J
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1

£

Sl

il

—_—

Q=
{
J

o D-= spcm§ CL2,0) . (L)
| L

D “lves ™ tn P\s (2 voriables) but nof  equal t

R  (am(0) #3)

- dim(D) = 12

> they ore wndependenl  makrices
y \

=)

Find an orthoqonal basis of O, 5%
J
\ L’ should be 2 mchnden\ points
\ ¥ Y
should be 2 points where  their dot product is 0.

-Y

|

How do we find these arthoqonal basis ?
: 1

we use the Gram - Schmidt Alz}orifhm.

O -’-S'UJ‘,Nz} e

t )

w."'Ql: PR

wae = Q1 - Q.-Q, Q‘ ~

I

> ‘Q!\t is called #He norm of ‘;Q",,.‘_ock\?gw_d-

|G|\2 = a4 'Qa.a ¥ e ni-qn"

Wiy = (-\,\,‘) -— ‘\:Za\\'('\;\;\‘l \\111‘)

12 2t a2

= (L o= 2 G,2.1)

6

s L4080 = % V3, ¥, Va)

2 (%%, )

SO S




B ——————————— . - e S s . e ————— e — - -
P -
o  check our answer = W, & Wa N | SN A A T I LT

R % P A O T TR RS

e SRR L SR R AR SRS LG 5 DA e SR
3 3 A

O

correct |

Bl kT8 B o st}
C ) ( |

What do gou do f you have more than  iwo Tpoiht& ?%
R\
D = span 2 e S Q\«;
| R A R
independent_points ;
dim (D) =K
F\'nd an Of\'hoq-‘cnq[ basis ¢ D.
Soluhon ¢ O = §\m/--- /NK3 T e’ et product of any {
L ¥ F —

J

every twoe poinfs is zero.
" 1

Won =, By = S o~ wa e wae. - W




s e s

Result ¢ 17 QLA L, Qu

‘H’\en Q|, Qh

afre non-~xefo

- . L ¢ oritheqonal
|‘Jou\f5 [15) ﬂ 4] Me AB 250 .‘\E

are Wdepend ent. : sl
|

Aemember Y|

Independenl does not mean Or'\’ho?‘enal
f

only  orthogonal implies  (nd q‘>cn cdence . -
/ 4 \

@ = (2, 4) ’ : e LNEIE :

Exls

Qx = (-—2,,‘.“ s \

Q- Qx = WE2)+ () = \2 ;

Qn l\ Qa are not orhegenal
[\

BUT Q. i: Qa ore inc\eFe.nc\cn'\'.

| [ e Q= W) - (e F O
l-?.. H i e = - ‘Q\ .__*_ Q
|
1
=% & v, i i




NS s Ar e e o ety B oy e ww.ﬂ,vfl.“,; SRR Y L
-=0ner FT.Qﬂth 10 _fo\ygpmﬂkﬂg_ T e (. T T 0 WLV L L N T
"""" B T R S S S S .
- ——-_< {!:f‘.f zyjfz dx 2 P SRR iy - ram s ¥ e
__,Gf_ D Sl ni b :l'.”'l'\f (= P, ——— dimlD)=2
an | : o A,
Find srthoqonal  basis fic D where <55 L [flh doe.
4 7
; |
To Find basg 0 = fu, wf

e S o either — <w,,w> =0

I
WiWe = 0

Lets check 8 our h, fa  are orthoqenal:

1 ‘ K=
f 1- (x2+1) Ax = e bl 1‘ y < A et 6 ~ nef orthogenal
J 3 | 3 | 4

X=o

% we have  Kod basw that are  orthoqonal :
i

b
ot inela “”‘}'mm“d ¥l - f:*. o3

Evne

so  the norm ss 1$1? = [f‘c\x

w, = Q\=‘F|=1 Nnow :

= ‘rl s I'@,.h dx x"l‘ O = { 1 ’ oc'- |/3
8

—r—)

&)

an of

\

“—

3
2

(K"l") £ jl(ac_--fl).l i D & SDQQ_‘; 1,.1‘-'; a
'rldx TS 3"

,.
2
-
e

0«

to chech - iﬂ"'ﬂ?‘r(\‘f— T 4[ '_P"Lll

u
x
-

)

+*
1e
—-—
N
.

&
B
.
P
~
g
e 8

qet O.
J

)




e B

Tanec product on D is  defined.

& 5 .
l ] / o ate
i VR
; Bgtin aaY
Q- D = span {x, A x“f I AR
| t J

<‘| ’ ‘3 >. s } “'l{l i‘;

Find O ' ;w.,wz,w;;
% ]

o we = f5 - -lu'&d" Wy

‘NI"

1
¥ wa > = ;3 -— S" W“s wl - l NI'F‘ fIon

| w2? Jwi\?

¥“- Wa, [wufz g% 0 ['xx’dx = !

J g a R N e e .
o
| N N VNIRRT e O
lw‘a s ‘. wla dx = { o(_' doe = ]
J J 3
Q o
8o | wa = XS l/4 GO N AMOES LTS e Y )
1
/3 Y 1
' o
for W3z [N‘lcs dx = 1 o
: [
'“”-'2 =3 I‘ LM&gﬁ

P >

-«

"

Al 5qbspdces in our
1

NTH22!  are called veetor 3?‘«3

Sy S




l :
{
A R R A IR i R =4 FE et S A B
L /ui, vector
; (N, +, >} I8 called o vechr_grgg.__ﬂii RN DR, . T o
A 12 g"'r e.\_’...._i_'y SV o ahwedlvadebc Gddiiten. - L UK you. waot
Q@VCeC€R and ¥X€V g0 c26V  clased under sealar_mulbiphcation. o E, 01, L
¥ ot O
® 3 zero element in ¥, cal i O e O T e i
vectu T e phice
 YreVN J -xagy : v
B 2e s okl BONTREITE. i il TN SR F "”"N""""PEECG o!u‘.
9@ A Ci,C2 EP\_ . ¥ e N (C\-I'Ca) rx = ‘C'\th__ca)_( N ____of _these
© ¥ ci,caeR 9y xeV AR s R e o) e g ‘X"{f\g__‘. |
SN AT N c(x+y) = Tk R i e
|
= y ep !
x
D = C[‘"‘] set of all conknuous  funchon en ["_":]_ |
this is a subgpace  BUT  cannol writtea a5 span
1
|
dim(D) = < |
|
a
soluhon : ek ke S i ba. e | parles s TOAY ) 1 proved oaiom 1
= \
‘:N"ﬂ _colclus 1, Boxle 18 el on [1-2) l § e
Ap'pll'c.o"ion #1 : .
f _
(2 e e A R » 0= e ® y

jamGal \=]




App licahen #2
1

Fingy Msisgeen vok  ABC.

: e A4 Lm0 — % is  crwectad  for W ; v » have the
B g abito I i
: some wmhal Lount -
| Gy \ I
N2
) 50 d c Slab et m LaNG 2D ( A8y N (2,8)
3'.; .“a.v, - 1 : ) p .‘ 7 VZ = (6,_‘)
S R v e , 2 %
: s+ Area = {6 1)
v X
> . ? = q "a ; l-,‘ & N :
3 i-. Cay® - - n ‘1 i z
- . S il 'L P g P Yy & D2 Ry o i e 2
AT 4G ]




