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QUESTION 1. (4 points) Let p be a prime number such that 2 - | is prime. Prove that 2(P=1)(27 — | ) is a perfect
even integer.

fat me 8 C2P=1)

di‘_,d-— [+ 2#2 ¢ -+2_P_ + (2P-D+202%-D+ .. 2P 2ok

= QP—’ +C29 | p -2
/ . -D(1+2+..4 287%)

e
0 = (2%-1)+ C2P-n) [QP ] C2P-0 (1420 )
= (2%-D2r)

QUESTION 2. (4 points) Let d = ged(21.60) . Find ¢, ¢ such that d = 21n, + 60n;

2 o 6 = N
AN A) 1%\ 21 3\ 18 D
g M AR guonce B
g & O
3-21-1-18 3=21-1-18
=2)-1(60-2-21)
= 9§~ 60+ 2.2
= 3.21 -1-60

= 21(3)+60(-1) so \V\_T:Fj;f\;fﬂl

ke ot ol

QUESTION 3. (4 points) Let A = [1 7]. Find A~' over Zy if possible.

1 2
|A1= 9-7=-S = 3(md 8)

‘é ﬁCdC’A’ . m} :3({;{(2;@):’ AN& f\ | e\(iS“] over J/S
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QUESTION 4. (4 points) Solve for 3 only in the following system of L.E. over Z,.
3 + 4.1‘3 + 6.‘!'3 =2

e+ 2ey=17
Ty + 62+ 3y = 1

coef matrix = [,3 Lr g] = A | Al = 3(8-12) - k(3-14)
7 6 3 +6(6-D
= M= | (med 10)
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2 4 27
AS = [;f | 2 j
Lz 6 1 |

N3l s 30142y -4 (1-4a) + 2(6-7)
= 6F = F(mod 10)

QUESTION 5. (4 points) Prove that there are infinitely prime integers of the form 4k + 3

Deny. Say there are a finile number of prime int.
o i i !

of the Porm k45 and call them py, Pz, o) Pm
Qet no= Lppyopm-1 so nCmedd)= =1 = 3 Cmod b)

The Pr.ime Fafl.or:'?oﬁron o'f Nt Q9,94 - CLo{
(

IWe Krow 1hat nope o the P[ e are a {'\f(:f.Hor o{\
nooput e 23’s are Facfom of rn.=> q; must be
of Hhe {};m Ulet,
SO produc t of Chktl) =S nCmed &) = | pud ecorlier
e <aid nCmod 45 = R 4&;

So  there are mﬁnn‘e/ prany pnm@ nfegers
of +he form 4}(1‘3
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QUESTION 6. (Do not use try and error, use mathematical methods as explained in class and HW2)

(i) (4 points) Find the quadratic residue or 2-residue of Z,y. Note that 2 is a generator of Z, lgs ;

QR U = §L(zl) , (2% 22y, Cz“ C?)S U’) C2°’) C7°’)3 (21)
64* | QRCIa |- 1921 = B g <04,6,2,9 17,1, C s |]

(ii) (4 points) Find the 3-residue of Zy, i.e., 3 — (19). IJi
I S e s 2 )
R=RL0 = {20, (28, 023 . (0™, (%)
O\é._ CL 2 '3\ S 4 -
13-R(19) (= qg,:.g C D, F R, 11251
(iii) (4 points) Find the solution set of .> = 7 in Z9
-t ’ 3 \ e} q-Jéf q
: g = [ (2) X = 9% = L4 (med 19)
\T 2 =3 e
O M let w be « jehe’fa or of Zp¥ > w2 22 K b, ¥ |
: Mo pel oz 15 .8
(Uﬂk} v Cq ) nrA ]q\; WS SL‘”}%‘ +33._ -
, - W't
(iv) (4 points) Find the solution set of +* = 5 in Z9 :5 L= Q a sol ution L

ot § P Defouge 7= 8[ CQ hL iq,eq
(27 (27 Cmed 10) ol g

N 8 (=2 sotisfles
o Xy 7 g & Xy = ’Q'XQ:‘ 1O Jr\rom 3-P(x
c-.\ P - i
S . S = i;f le N |U \ ¢ I'."'J ]q
(v) (4 points) Find all ordered pairs (r, y) over Z; such that +* + 3 = 5 in Z;. Note that 3 is a generator of Z;.
T N L I T 'S ! PR F,-" l: ()
.,__)L i.. +f 3= '( N ) B g :'J v e ] L “E ' = ,Z{ g |
|SRCH = 1=l 2
2
! R o B8 ; -
L \ '.’.) - *) p
S g 5 0 * | 6) | ¢
O x 0
- e 2 ¢ | |
e 3-R(PUJO] = X E€30,M6( c p
3 5 e e . g if
y?e SRCrHVioY = Y3€ 5 /1.2, 3 g2
- i E . ‘ C| L!-) (s O'r'\\j Poggrﬁé’
Orfiﬁr@oﬁ pPalrs ore o
,.0,0 r‘)"_’r’“\ (23, X3 1 (med 7) =5 X= 1 or x=2 or X =l F

(,- o2, q (‘)3 over 2;, \5}2 & /{-(ﬂ\ﬁd -?") :"\}y * 2wy LJ.' ?2'5
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(vi) (4 points) Find all ordered pairs (., y) over Z such that .«* + 4 (inod 7) = 5.

S= 31 Fm,, 2470 § U S CH ?m2)3+?n2)§ U . (24 Tms, > HLKB)B

CN\ US 2+7my §1?f\u)ju (4 +—fn»\g)2i7n.¢> US(Q+1’M6)§*7"\6)§

My yng € "f
(vii) (4 points)Which of the following is in 6 — (31): 10, 13, 8, 16

- Nty o g N € A
b i e . p= 31 J e § :
\4/ aAc m- f\?(j H 0 gcdlmp S o | (ed ) p-1 = 30
Xl (_1': | Crmcd 31) 10 Cmed 31D =25 1 X iz G
O nSJSSCMGdQI\"}j* flr'“/{fﬁf"\:"*fj" [% ///
Cred31) = | v~ 169(de gp),q,_,/ \)1165‘:_ G- (3"

QUESTION 7. (a)(4 points) Given 36 is the length of a leg of a primitive right triangle that hat; the maximum
area possible. Assume that the length of each side is an integer. What is the area of such triangle? What is the

length of the hypotenuse of such triangle? \eng ph ol R

Y
2% | gpr > \BF J A = L (2ah)Ca?-b7)
Ybe 3 s eren Lenati " =15 - 322 =[S 1Y

GC/ .E:G - .( (\‘:} = Ob by !% ?_ F'[ |

= if o« 1 > poir fha T he
29

arill 91\/6‘ N O PALA I ke = o
36

say o718, b=
(b) (4 points) Let « be an odd positive integer. Can we construct a primitive right triangle such thal u is the

length of a leg? explain ex: \'?>
g g’ exp Cr} & be o dd 1; g 2 gnd '%. \
s o az2e BeP S
I Z&V a*z_._.f_muh.kﬂ _ \\are r1ght Primitive.

o= Y24l k4 | ¥ k(tt] (i!“rf
: VLS e

e R VR ' ﬂ?uv T \/
s/ - fz,x/
MV& w>V >| W2-v2= 07 bk k) U\ '\)& o 0\/ \} 4‘»

(c)(4 points) Let « be an even positive integer. Can we construct a primitive right triangle such that o’ is Lhe N

length of a leg? explain . P .
A tsever=>0= 7N, E 2

13

fet a =35 ~

2

2 ) SeverT =
pq/v\ J uv=a _r?_@&ér kher s Qet a=2
- 2 A the be ex:
= RANY hi2eat W - =y
o~ S duy B el
(4 : \ ; 3 =
gyl 7\@( 965 Is \ =Y 22U 22— T
T Qe e S% bd = oy
yl

Then -y = b2 v?= b* ok N (4 1'1,
= (X H)C‘W) U’ @x—yﬁ 2c A&J-l

HQmL«:x. s uzj v?

o\
- 2 ._J;L*' oz
= Je~2d - b”_” .

_) J W f-—‘ 1y g
N e Co 7l /-
sAd o _edTeven = bl isever

=> ¢d -



