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Scores

QUESTION 1. (i) (4 points) Let p > 2 pe 3 prime integer and n > | be ap integer. Prove that d(p") =
n n—| n—|
pr=p =p"(p-1).

et M- El.{—a‘ip“i g IML=prh=1+1=ph
D=%14a<pn|gedCap) 21T = PPk 14kapn?

1D = PY\'\ -+l = PY\"' muLI:‘i{[ePs
D< So L:%Iﬁ—aé—P'\ lgcha,P’\)zig = M-D
= pr-pn

= Prx»l CP‘}

(ii) (4 points)Let P > 2 be a prime integer, prove tha Z(q,,n d = p") for every n > 1.

) (d)- p"
1f OUPAJ then d must be Pnd) ) P ) PO = 1| PP aleo
&Power of P s.t, :,Pk)ogkffn

" S0 D> = A + dCp) + D) +...+ dp

=Gy = Cp-1p~
Sed(d) = Glp P P_ i

= 1+(p-D+Cp-Dp+...+ Cp-np"”

/>< = |+CP'|)['+P+‘P2-}...+P'\"‘]
= a = n-{+| L Cn
[igf_\'l( ’TLPL ) =1-Ci-p")

Dery Qnﬂm (4 points) Prove there are infinitely many prime numbers, +mrm-g*\ - P'\__ | 4 |

Assume that there is a lorgest prime P (fiite Ag{@b;émes)\‘:. PN~
et X=2.3.€.2. ... P Cproduct of fmh‘ey many primes )
/B\/ cs Llarger than P (X>P)

X+ s Larger Fhan P but nro prime divides X+1 since

XCdpd=Q gy 4] s o rime (arger

PR by Gt % L DL P
{21210
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(iv) (4 points) Prove that there are 22%* consecutive positive integers such that none of them is prime.

Ret N= 222 olus
] roduct of all 2 to (N*D inclusive
& P bers FroW\
Qet M= CN+D | A = ¥ ke {26ke M3, Mmd e

M+2 (s net prime Since MCmed 2D =0 so CM+2)Cmed2>= 0O
M+3 is hot prime gince M(med 3) =06 o (M43) (med 3Y=0
A/, Ml (s acd prime cinte M(med &y =0 so (Met) (mod 5= 0O

Ma (N4 S hoi prime gince M(rod N+1) =0 so (MmN rmod Nty = O
| So we have (N+1Y =241 = N = 92024 Lungecutive tVeE int .

S.l. nene ov€

QUESTION 2. (6 points) Let = € Z such that (a) 3. (rmod 12) = 6, (b) 2o (imod 10) = 8. Find all values of i P" j €

over planet Z. -

Ca) §I = Ecmad lg) Vg,ﬁﬁi 2(3+4K) Crgool!;z) s
[ — 6412 Kk (m

SCACQ:N): 3‘6 so 330(U+407\SJA=L§;:4 o

xe2,6,100 in Zp so xe§2+hk(KEZS (n 2
2
Jxemu«»f?ow\m
- Cmed 1O ) ‘ 2
(b 2x=3Cm ) K& % 3,80 in 20 ~
. o J:‘? . 2N =
L = 9(2+U4K) = 8 Cmed o) e oenr T 2 (2> = I ‘

=S 448Kz B(med1C) S 24408y 3
=> %kZ:de q%) ged (8,100 = 2 | 4 <o 2 sdudions , oL:ngzs

QUESTION 3. (8 points) Find all ordered triplets (., y. =} over Zy such that w + 2y +2: = 3in Z, (i.e.,,x,y,: €

% & Zs) . T
, ‘ Sl 2y427 =2 i ZH
// a9 . Cbd> x CRE
3C+?9*22 =3 in 24 Iy must be 22 must bjﬁ _
e * must be a mu\-Hp\e o’(\ A, 8 = | mul. of 2 in 2y o mul. of 2in2
so xe 30,1235 in 24 B p
Cod X =0 = 2_3+22 =2 (n Zlg Pairs are (0)2) & C2,00
Su;l GYC}I Ca;”ﬂ0+ be C’A . 3\ v 6.2): 2y=0 22 =2
{ co A0 solutions ‘fo" C,al)"l &Qg Lo >:\93= 0,92 in24 tad ,KZ:EO\

o ,) N C 2u=2 22=0
(c) Xx=2=> 2Yy+22= g for CEOyn0 solutions  for £2,0) .,ﬂyﬂ:w:g "2 220,222
23 uSt be 27 m.’lS"g Le ) [_—\---“"""‘"”MT’"’“/_ e LBl
, 920 amil of 2in2h  amul. of 2024 J S for ()8 ?(;,o,n,(\,o,g),a,z,n
(d)x=3=>2y* 0 0 12,3, 010,002

; S-Soveral( = C130),(1h32) 3

2 S U
‘ ; 2450 = g=0Yrd inTH S.S forcd) ¢ 2,0
ans are (0,0 2,2) for (000) 23~ O S ford) i¢ S (3,0,0,(3,:0,2%,(32,0
P ¢ C / ) & C ’ 2—270-?) 2 ‘:Ol?r 2N 2 . . \ é?nl(l))’ Cgl‘l‘)))(gl' 3

for 2,257 29725 y21,973 & 2222-32-12in 26 \( C3311), (2,3.3)
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QUESTION 4. (6 points) What are the smallest positive integer and the largest negative integer that satisfy (i)
z (mod 9) = 2, (it)x (mod 3) = 2, (4ii)x (mod 7) = 3, "~

XCmed Q=2 reduced z ~Cmed )= 2"
Y (mod3) =2 =~ fgz :grz
2 :YCMOC!?‘):g Icmod > é
xCmed 2)=z2 = X (med3):=2 %
. = r\\C\r\ +Y\2C_2r2 CW\OOl W\) :"3‘__{ i.l\ ZGB
= x € {33463k \KeZ

m = W\‘Mz:@ N 2
h\:&:mzr]@,r\?_:%:m\:m
g a7 So 38 is the
K\ tod M 2 7 C nymod Mz = % c, wa\k‘eﬁ +ve
and 77" in Zq 1S @' ond 27 in 27 is [l integer
ond. (38-63)=-25

(S “+he Lcmgeﬂ

QUESTION 5. 1. (4 points) Find 7°% (ynod 45).
o ™M ~ 266 mod 24 2 . + er
:7195’6 (mad Le) = % Cmod 4S) = F (mod 45) —Veé inreg
' - +hot sodisfie

- EE] t+he

(> = | (medn)
535‘"6»«

3CAC0N’\)T | so Qq) " ]
=D = | (mod 45,
7 (mod 45) }(

n=lS= 5.3
dlnd = by D= 4 2.3 = Dk

2. (4 points) Find two positive integers = > 0 and y > 0 such that 2024 = r? — 3*.

2024= 4. S06 So x=(m4))=S0O?
dh - £

n

Y= Cm-1)= SoS

X

Verfy: g026 = S07° 555
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Scores 1
QUESTION l (1) (4 points) Let P 2 2 be a prime integer and n > | pe an integer. Prove that o(p") =
- -1
prpttl =ity - 1).

leb A-§14agpn) Al o
lov 0= Dicheynl gedCopr) 71} < {pk | 122}

= IRl - /0/)'
Czh-g={12c2prlgedie, pr)i 1)

(M/bﬂ): ICl = 1A]-18) ;Man—(/of‘"

X

(i) (4 points)Let ) > 2 be a prime | integer, prove tha z,, d=p")forevery n > |.
O’l 1 2 Ad) = Ny ®(p) %P,\CD(A):P
Alp =1+p-1=p
A;mme Z ) -y« 7 k> fom Questin 1
P 2

dlpre t)( b/

: -j' 4 )
J 2. @(A)--Z o) 3y b pleat) o /0" H g '-VO

7
d] plety dlpk fkrl
(iii) (4 points) Prove there are infinitely many prime numbers.
Q@/)# _7 dﬂb/lllf.éa mcmg pﬂmf m,unber,r [g,,jglﬁs . .,JJK P

' for o/
Ze} EPipaps . pe v 1 and Jet d be o ipnmep@( 2
2l
> A€o, pp oy D A g @
d’(% =) o“i Which (s a conl*rad’[cba'n D<
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(iv) (4 points) Prove that there are 22024 consecutive positive integers such that none of them is prime.

NZ - (:7201‘!_} ,)) 4 9 is no} .{)r[,‘mc snce Q/NZ
Ng - (2202"+ l) ’, A ”Uf/w‘mr sunce 3) N4

qu (2102h+ ’> ,' 4 l[ (s ﬂo}’/fl'/)"c S ce 17’/ /V"/ D{

2024k
Nzlv;", 5 [9202h+ N (%) s not Prume Shee 241 ] N]zoz;I

2024 .
> Ne howve 2°° " cunsecubive non-prime
QUESTION 2. (6 points) Let 2z € Z such that (a) 3. (mod 12) = 6, (b) 2+ (mmod 10) = 8. Find all values of r Fe

(n VAt
over planet Z.

Solve lx(mod ). ( over Z.
SS={24u1) ke
ﬁ//”‘j smellest k€2 stk 22+ Hk) (mod 10) =5 /
Ui Sk(mad 10) 79 (7'

51 (mod 16) 2 4

k=D
K= 24D 2 W (s e smeblest solubunto @) and (B

Sodubio over Z= {3 9omIm€ ZY

QUESTION 3. (8 points) Find all ordered triplets (.r.y. z) over Zy such that .« + 2y +2: = 3in Zs (i.e, v, y. 2 €
Zy)

(+ D (+2) Ylmd y) > O

X muwss | M musk be ' 92 st J(md y) - 2
be o m\‘lhpjf | o MMIHPIf a} éc 17 MUU'IPA' "?H *22 0 (l"od L/)”' 0
o | 9 od 2 b

O X ' >0 . 0 U 7 X \

i 0 o
' f 2 Laple™
! X /,//
2 X 2-\) 1'3' 7*1/ 2 ) l;g , (XC/ -
: A 41

(1,0') )‘)7 (\,2,3) , (’92)()) / (3’070‘))(’99l,3), 63,3;’)

i,

(1,0,3), C(\110) (1.3.2)/ (390,27,(?,1,!7,53«3,2)
] 9 (
(L) o (11,2 ) (3,2,0) (3,9,2)
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QUESTION 4. (6 points) What are the smallest positive integer and the largest negative integer that satisfy (i)
x (mod 9) = 2, (it)z (mod 3) = 2, (itd)x (mod 7) = 3,

Snce 9| (x-2> = 3 ] (e-2) , pe ooJ?# need o

solve x(mod q) - 2
7l(moo' 77 - 3

Smallest APQJLW 2t -/ 7(7(0'100? ¢)>"[2.)+ ‘f[z (mod 7)) [3> |

(mod 62)
:/(7)( Yi(2)+ 9 (Y) (7)) (modl 63)

= b (mod 6) = 33\7! 5SS over 7z f38¥63k ] ez
¥
zk/arged ne(faflvr L‘n}f/,gp - 35 5](-,) - -9

QUESTION 5. 1. (4 points) Find 7°% (1nod 45).

Gcus) = Qrans) = 3¢ x Y = 2Y

L
Cb(‘ﬂ’) 7266(m00‘ ue) - 72 1) 32 (tod 45) 80 fder
\ /

) v
/o 2\ 1 2 :
= (4 ) (mod 48)- 7 Comd 15D = 1+ 7%(med y5)
« |
2. (4 points) Find two positive integers z > 0 and y > 0 such that 2024 = a7 — 4% l
2020 = Ym »> m = 50(;/
Jeb i B0Lr1=507 y - 504-) 505

(//



